RELATIVITATSTHEORIE 2 Problem Set 5

Dr. Nicolai Lang June 2™, 2026
Institute for Theoretical Physics Ill, University of Stuttgart SS 2026
Problem 5.1: Geodesics and geodesic deviation on the sphere [Oral | 6 pt(s)]

Learning objective

In the lecture, geodesics were introduced as the curves on a Riemannian manifold that extremize the
length functional; the Euler-Lagrange equation of this variational principle is the Geodesic equation. In a
previous exercise (Problem 3.2) you studied the closely related but distinct geodesic deviation equation,
which describes how two nearby geodesics “bend” towards or away from each other — the mathematical
manifestation of tidal “forces” which are determined by the curvature.

In this exercise, you explore and illustrate both concepts on the simplest nontrivial curved manifold:
the two-dimensional sphere (which has constant curvature). You will find that in this case, geodesics
are great circles which always intersect at two points. This “attraction” is a consequence of geodesic
deviation and due to the curvature of the sphere.

A sphere of radius p can be parameterized by spherical coordinates ' = o € [0, 7] and 2? = ¢ €
[0, 27) (recall Problem 2.2). The Riemannian metric in these coordinates is given by

ds® = g;dz'da’ = p* (¥ + sin® 9 d¢?) . (1)
Remember that the Christoffel symbols are given in terms of the metric by
) 1 .
D = 59™ (O19m + Oxgmi — Omgii) - ()

They enter the geodesic equation 5*(\) + ' 7¥ (M)A (A) = 0, the solutions 7%()\) of which are
the geodesics of the manifold. Here, )\ is an affine parameter along the geodesic and dots denote
derivatives with respect to .

a) Evaluate the Christoffel symbols in spherical coordinates and write down the geodesic equation
for the sphere explicitly.

Determine all geodesics that pass through the north pole of the sphere; use symmetry arguments
to characterize all geodesics on the sphere.

Let us now consider a continuous family of such geodesics /,(¢) = (¢, ¢); on the sphere, parame-
terized by ¢. (For simplicity, we exclude ¥ € {0, 7} so that geodesics do not cross.) In Problem 3.2
you derived the geodesic deviation equation

g = RawTTs". (3)
The two vector fields S = 9,7} () and T" = 9y;(19) correspond to the deviation between geodesics
and the velocity along geodesics, respectively. The geodesic deviation equation therefore connects
an “acceleration” of deviation along the geodesics directly to the curvature of the manifold, encoded

in the Riemann curvature tensor R’ = OpI";; — O, + 17, T, — T T,
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b) Evaluate the Riemann curvature tensor of the sphere in spherical coordinates. Use it to write
down the geodesic deviation equation explicitly.

Our final goal is a concrete interpretation of the geodesic deviation (equation). To this end, consider
the length 1y, ¢, (V) = f¢12 do +/gijS*S7 of an arc between two points of equal latitude on the

sphere. We can then define the “relative acceleration” ay, 4, (V) := DD_7922Z¢1,¢2 of the two geodesics
(meridians) through these two points at longitudes ¢; and ¢.

¢) Derive an explicit expression for the relative acceleration ay, ¢,(?) at the equator (¢ = 7/2) in
terms of the geodesic deviation.

Hint: Show and use that the velocity vectors of the geodesics are parallel at the equator (D1 = 0).

Problem 5.2: The Hilbert energy-momentum tensor [Written | 6 pt(s)]

Learning objective

In this exercise, you familiarize yourself with the Hilbert energy-momentum tensor which is the source of
gravity in general relativity. It is named after the mathematician David Hilbert, who introduced it in his
derivation of the field equations

https://doi.itp3.info/10.1007/bf01448427

as variation of the Lagrangian density with respect to the metric of spacetime. (Can you identify the
relevant equation in the paper?)

Here you calculate the Hilbert energy-momentum tensor explicitly for the electromagnetic field in
vacuum; you will recover the symmetric Belinfante-Rosenfeld energy-momentum tensor discussed in
Problem 7.3 (last semester). As a further example, you study the real Klein-Gordon field theory, derive its
generally covariant equation of motion, and its Hilbert energy-momentum tensor.

In the lecture, the Hilbert energy-momentum tensor was defined as
_ 20/l _ 2 |9ygl) , 0(/9L)
Tw=—F—F"=—F2|—F50" O | (4)
N V9| Og* (g™ »)

where £ = /gL is the Lagrangian density, with the scalar Lagrange function L, the metric tensor
g, and its determinant g = — det (g,,).

The general covariant action of electrodynamics in vacuum is given by

1
Sem[An, "] = / d*z /gL = / d'z /g (—Egaﬂgﬁ”FaﬁFw) : (5)

where F,, = 0,A, — 0, A, is the electromagnetic field strength tensor and A, the four-potential.

a) Calculate the Hilbert energy-momentum tensor 7},, of electromagnetic fields in vacuum.

Compare it to the symmetric Belinfante-Rosenfeld energy-momentum tensor from last semester.

Hint: From Problem 2.1 you know that % = ggM*.

0 0,
Use g0 g™ = o7, to show that Bg% = _guagvﬁﬁ'
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As a second example, we want to study the real Klein-Gordon field, the simplest relativistic field
theory. On flat Minkowski space, the Lorentz covariant action of the Klein-Gordon field is given by

Ske 18] = / d4m% (1" ¢ ., — m?¢?) (6)

with real scalar field ¢ and mass parameter m; n*" is the Minkowski metric in inertial coordinates.

b) Use the minimal coupling principle (MCP) to transform the action (6) into its generally covariant
form Sgat[¢, g"] for an arbitrary metric g" in arbitrary coordinates.

c) Use the Euler-Lagrange equations (i.e., vary the action with respect to ¢) to derive the generally
covariant Klein-Gordon equation in curved spacetime.

Hint: Use the Laplace-Beltrami operator A¢ := ¢, = %@L (\/§g“” gb,,,) from Problem 2.1 to simplify
your result.

d) Now calculate the Hilbert energy-momentum tensor 7},, for the Klein-Gordon field.

e) Finally, show explicitly that the covariant divergence of the energy-momentum tensor vanishes
for solutions of the equations of motion: 7**,, = 0.

As demonstrated in the lecture, this is a consequence of the diffeomorphism invariance of Sp&* [, g"*].

It can be interpreted as energy-momentum conservation in local inertial systems, but does not
correspond to an integral conservation law (= conserved charge) on generic spacetimes (= spacetimes
without Killing vectors).

Problem 5.3: General Relativity in 2+1 Dimensions [Oral | 6 pt(s)]

Learning objective

In general relativity, the effects of gravity are locally described by the curvature of a four-dimensional
Lorentzian spacetime manifold. But the Einstein field equations make sense in arbitrary spacetime
dimensions (that is, on D = d + 1-dimensional Lorentzian manifolds). Since the degrees of freedom
encoded in the curvature depend on the dimension of the manifold, this raises the question whether higher
or lower-dimensional twins of general relativity behave differently than our “normal” 3+1-dimensional
theory.

In this exercise, you study the special case of 2 4 1-dimensional general relativity, i.e., the theory that a
hypothetical “flatland Einstein” — an inhabitant of a world with two spatial dimensions— would have
written down. Specifically, you show that there is no gravitational force in such a world; in this sense,
general relativity in 2 + 1-dimensions is “trivial”.

In Problem 3.1 you have shown that the Riemann curvature tensor R, has D*(D* —1)/12
independent components due to its symmetries. The Ricci tensor R,,, = R? ,,,, on the other hand, is
a symmetric matrix, and therefore has D(D + 1)/2 independent components.

Interestingly, for D = 2 + 1 these two numbers are equal, suggesting that one can express the
Riemann curvature tensor in terms of the Ricci tensor. In the following, we want to show that this
is true.
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We denote by Curv the space of rank-4 tensors A,g,, with the same symmetries as the Riemann
curvature tensor: antisymmetric in the first and last two indices (A), symmetric under exchanging
the first and last two indices (S), and it fulfills the first Bianchi identity (B):

(A) Aaﬁ;w = _A,Ba;w = _Aaﬁuua (73.)
(S) Aaﬁ;w - A;waﬁ ) (7b)
(B) Aaﬁ,uu + Auaﬁy + AIB#QV =0. (70)

a) Show that, for any symmetric rank-2 tensor A,g3, the rank-4 tensor defined via

1 9P A,

Aaﬁuu = m Aal/gﬂu - Aﬁugom - Aaugﬁy + Aﬁugau -

D7_1P (gowgﬁu - gaugﬁy) (8)

is an element of Curv.

Furthermore, show that any symmetric 2-tensor Ag, can be written as the trace of a tensor in
Curv, e.g., Ag, = 9% Auppw-

b) Use your results from a), in combination with a dimensionality argument, to show that there is
exactly one rank-4 tensor which traces to the Ricci tensor in D = 2 + 1 dimensions. Conclude
that this must be the curvature tensor.

In the lecture we will show that, for a matter distribution given by 7", the Ricci tensor is constrained
by the Einstein field equations (here without cosmological constant)

1
G =R, — §Rg,w = —K1y,, . 9)

Here R = R" is the Ricci scalar. Note that these equations are well-defined in arbitrary spacetime
dimensions D.

c) Use your result from b) to show that in vacuum (7, = 0), the curvature tensor is identically
zero in D = 2 4 1 spacetime dimensions. That is: Spacetime is flat! Convince yourself that this
conclusion cannot be drawn in our real D = 3 + 1-dimensional spacetime.

You have shown that in D = 2 + 1 dimensions the Riemann curvature tensor vanishes identically
in vacuum. Intuitively, this tells us that there are no gravitational effects away from matter. For
example, the tidal effects described by the geodesic deviation equation (Problem 3.2) are absent.

One can show that if the curvature tensor vanishes in an open region of spacetime, then one can
construct coordinates such that the metric simplifies to the Minkowski metric 7, in that region.
Thus, in D = 2 + 1 dimensions, empty space becomes Minkowski space, and no gravitational
attraction is possible (also other gravitational effects are absent, such as gravitational waves).

Note: Note that Newtonian gravity in two spatial dimensions is not trivial. (What is the Green’s function of
the Laplace operator in 2D?) Thus 2 4 1-dimensional general relativity and 2-dimensional Newtonian gravity
are not equivalent in the non-relativistic limit!

Note: The fact that there are no (local) dynamical degrees of freedom in pure 2+1 gravity does not mean that
the theory is completely “trivial”. As Edward Witten showed, it is equivalent to a topological Chern-Simons
field theory (a particular class of gauge theories):

https://doi.itp3.info0/10.1016/0550-3213(88)90143-5

The paper is — as usual for Witten — nice to read, but requires mathematics that is beyond this course. (But
not by much. We are mostly missing the tetrad formalism.)
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