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Problem 4.1: General connections on Riemannian manifolds [Oral | 4 pt(s)]

Learning objective

In this exercise, you study a general connection on a Riemannian manifold. You show that it can be
decomposed into a sum of the torsion-free and metric-compatible Levi-Civita connection (which we use
in general relativity), plus two tensor fields that encode torsion and non-metricity. Both tensor fields are
set to zero in general relativity — but can be used for extensions of the theory.

We consider a D-dimensional Riemannian manifold with a metric g;; and an arbitrary connection
I, In the lecture, it was shown that the Levi-Civita connection { j’k} is the unique torsion-free and
metric-compatible connection on this manifold.

Note: Since we now have two connections on the same manifold, we denote the Levi-Civita connection
(Christoffel symbols) by { jik} and the (unrelated) connection by I'? jk- Since in general relativity, we work

only with the Levi-Civita connection, we will not use the special symbol { ]-ik} for the Christoffel symbols in
the lecture.

a) As a first step, show that the difference

transforms as a tensor field.

b) Now show that the non-metricity tensor Qyjx := gji;; and the torsion tensor 5% :=T";; — T,
can be expressed as

Qijk = — [Crji + Cjri]  and Sy, = giaS = Ciji — Clij - (2)

c) Finally, show that the tensor Cj;; can be expressed as a linear combination of non-metricity
tensors and torsion tensors with permuted indices.

Hint: Use a trick similar to the derivation of the Levi-Civita connection in the lecture.

In summary, you have shown that a generic connection can be decomposed as
T = {e} + K + Ly, 3)

with the so called contorsion tensor K'; and the disformation tensor L';. So far, there is no
experimental evidence for the existence of these two tensor fields; hence one sets them to zero and
uses only the Levi-Civita connection.
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Problem 4.2: Non-metricity tensor and the equivalence principle [Oral | 5 pt(s)]

Learning objective

In general relativity, Einstein’s equivalence principle (EEP) states that:
In small enough regions of spacetime, the laws of physics reduce to those of special relativity.
That is, it is impossible to detect the existence of a gravitational field by means of local experiments.

In general relativity one assumes, usually motivated by Occam’s razor, that the connection is torsion-free
(= symmetric in the lower indices) and metric-compatible (defined below). In the lecture, you showed
that the connection is then uniquely given by the Levi-Civita connection. In this exercise, you study the
effects of a metric-incompatible connection. You will find that physics that is consistent with the EEP
can be fully described by the Levi-Civita connection — non-metricity is not needed.

Consider a Lorentzian manifold (M, g, ") with metric g;; and torsion-free connection I''); = Fi(kl)
(which defines infinitesimal parallel transport). Note that [*;; are not necessarily the Christoffel
symbols (Levi-Civita connection)! Remember that the covariant derivative can be expressed in terms
of the connection as A’j, = A’j + I, A™. This is a tensor only if, under a general coordinate
transformation Z = ¢(x), the connection transforms like

i _ 0z’ a" 0a° ., +a_ji_82xp (4)
M 0rm 0zk 0zt ™ Oxp Ozk0z

As defined in Problem 4.1, the non-metricity tensor is given by the covariant derivative of the metric:
Quik = ikt = Gikg — U itGme — U k1 Gim - (5)

The non-metricity measures the change of scalar products under parallel transport of vectors.

The connection I'Yy; is called metric-compatible if Q;;;, = 0, that is, if gy, is covariantly constant. For
this case, it was shown in the lecture that the connection is uniquely determined by the metric, and
is given by the Levi-Civita connection I''y; = {;;} (Christoffel symbols).

In this exercise, we want to consider a connection that is not metric-compatible, i.e., [''y; # { ,fl},
with finite non-metricity @, # 0 (but no torsion).

a) Argue that non-metricity Q;.(p) # 0 at point p implies that one cannot choose a coordinate
system K with both

[u(p) =0 and Gir1(p) =0, (6)

simultaneously.

In Problem 2.3 you showed [based on the transformation law (4)] that for a torsion-free connection,
one can always choose a coordinate system in which

gi(p) =nx  and  T'u(p) =0 (7)

simultaneously. These are called connection (or affine) normal coordinates, and in this frame the
definition (5) simplifies to Qix(p) = Giri(p)-
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In particular, you can always choose a coordinate system in which the Levi-Civita connection

{#,}(p) = 0 vanishes. Using the metric-compatibility of the Levi-Civita connection, you showed in
Problem 2.3 that there exist coordinates with

gi(p) =msx  and  gi(p) =0 (8)
simultaneously. These are analogously called metric (or geodesic or Riemann) normal coordinates in p,
and in this frame the definition (5) simplifies to Qur = — 1" Nk — U™ kiNim.-

In the following, we consider a real massive scalar field given by the (metric-coupled) action

S,l6] = / &' £(6,06) = / B2/ [6(0:6) (9h) — m?67] | ©)

where g := —det(g;;) is the determinant of the metric. Note that the connection I'";; does not appear
in the action!

b) Use the Lagrangian density £ to derive the Euler-Lagrange equation for the scalar field ¢(x).

c) Evaluate the Euler-Lagrange equation at point p in metric normal coordinates, and show that
you recover the special-relativistic Klein-Gordon equation (9% + m?)¢ = 0.

Let us define the traces of the non-metricity tensor as follows:
Qr=Qr: and  Q:=Q/'. (10)

d) Evaluate the generally covariant equation of motion from b) at point p in connection normal
coordinates and express the non-metricity in terms of the traces (10).

Do you recover the Klein-Gordon equation from special relativity? What does this imply for the
validity of Einstein’s equivalence principle?

Concluding remark:

In the lecture, you showed that massive particles with an action Sy[y f ds given by the path
length follow the geodesics of the metric given by the Levi-Civita connectlon
d*x’ da® dat

A2 +ad gy d\ d\ =0 (11)

For massless particles, this action is problematic because lightlike trajectories are characterized by
ds = 0. Still, the velocity vector i’ of a massless particle remains well-defined, so one can postulate
that massless particles follow autoparallels (= the “straightest” paths) given by the connection:

d*z ri dz* dx

e TN ax
Then, the inertial frame of massless particles is given by connection normal coordinates. However,
you derived in d) that in these coordinates the massive field ¢(z) does not locally obey the special-
relativistic equation of motion. Conversely, in the metric normal coordinates from c), the massive
field ¢(x) follows locally its special-relativistic equation of motion — but then the trajectory of
massless particles is distorted by finite I'’y;. As shown in a), one cannot find a single coordinate
system in which both massless and massive particles follow locally their special relativistic equations
of motion. Hence one must conclude that the EEP is violated!

—0. (12)

This issue could be circumvented by postulating that massless particles also follow the geodesics
determined by the metric. But then, at least in this simple universe, neither the physics of massive
nor massless particles is affected by the connection I'*;; whatsoever — which would allow us to
choose w.l.o.g. for the connection I'"; = {};} and we are back at “standard” general relativity.
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