RELATIVITATSTHEORIE 1 Problem Set 4

Dr. Nicolai Lang November 26™", 2025
Institute for Theoretical Physics Ill, University of Stuttgart WS 2025/26
Problem 4.1: Hafele-Keating experiment [Oral | 4 pt(s)]

Learning objective

Time dilation is a relativistic effect far removed from our everyday experience. It is, however, an
experimentally established fact. A famous experiment measuring time dilation explicitly was the Hafele-
Keating experiment, where portable atomic clocks were flown on commercial airliners around the world
twice: once eastward and once westward. The clocks were then compared to stationary reference clocks
on the ground to verify the predictions of time dilation quantitatively.

The experimental results were reported in
https://doi.itp3.info/10.1126/science.177.4044.168

and the theory was developed in
https://doi.itp3.info/10.1126/science.177.4044.166

In this exercise, you derive the contribution of time dilation to explain the result of the experiment
(which you can find in the theory paper above).

We consider the following setup:

Imagine an observer in a space station above the north
pole; the space station follows earth on its orbit around
the sun, but does not follow the rotation of earth (i.e.,
the observer sees earth slowly rotating beneath the
space station). Such an observer is approximately iner-
tial for the relevant timescales of the experiment (see
sketch on the right); in particular, he is allowed to use
the formalism developed in the lecture to compute the
proper time along (potentially accelerated) trajectories.

)\/ ﬂ/“#‘\ "pa (c

Now consider three identical atomic clocks located on the equator with radius R ~ 6.4 x 105 m. The
first clock (labeled S) is stationary with respect to earth, this is our “reference clock” The second
clock (F) flies eastward around earth with angular velocity w (with respect to earth), and the third
(W) westward with the same angular velocity w (also with respect to earth). Both clocks go around
earth once and meet again with the reference clock. Note that the rest system of the reference clock

S is not inertial because earth rotates with angular velocity {2 = 224—”h.

a) Parametrize the trajectories of the three clocks xs(t), g (t) and @y, () in the inertial system of
the space station.
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b) The proper time 7 accumulated by a clock can be calculated as shown in the lecture: s

.‘2
T@':/Mdt for 1€ {S,E,W}. 2

Evaluate this integral for the three clocks.

c) Calculate A7 = 75 — 75 and Ay = 1y — 7. 1PHE)

RQ

d) Assume the clocks travel around earth with 200 m s~ relative to the ground (the speed of a 17
typical airliner).

Since the angular velocities are small, expand the results in = up to second order.

What are the time differences measured? Compare them to the numbers reported in the original
publications.

Note: For a complete description of the experiment, effects of general relativity must be taken into account
as well. Thus, we will complete our analysis of the Hafele-Keating experiment in the next semester.

Problem 4.2: Tensor Calculus [Written | 11 pt(s)]

Learning objective

Tensor calculus is a crucial toolkit for special and general relativity. In this exercise, you practice
calculating with tensor fields and prove some useful rules for the construction of tensor fields.

Consider a D-dimensional differentiable manifold M and an arbitrary coordinate transformation
T = ¢(z) from one chart with coordinates € R” to another chart with coordinates 7 € R”.

As motivated in the lecture, we define the transformation of contravariant and covariant vector

(fields) as follows:

D . .
_ o digen or* .. . _ 01"
Contravariant vector field: A*(z) = 2 wA (x) = %A (x) (2)
D k k
Covariant vector field: B;(7) = a:ﬁ, Bi(z) = a%. By(z), (3)
=~ or' oz’

Here we use the Einstein sum convention: Sums over pairs of repeated up and down indices are
implied but not explicitly written.

a) Prove that the contraction ®(x) := A'(x)B;(z) of a contravariant vector field A*(z) with a 1©®
covariant vector field B;(x) is invariant under coordinate transformations; i.e., show that it
transforms like a scalar field.

The generalization of co- and contravariant vector fields are (mixed) (p, q) tensor fields T ", . (x)
with r = p+q indices (called rank). Like vector fields, tensor fields are defined by their transformation
under coordinate transformations:
— orh oz O™  Oz™
THote, L (Z) = e — o T (), (4)
Jeda ox™ Ox™e  OJFh O07Ja Tt

where p and ¢ are the number of contravariant and covariant indices, respectively.
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b) Show that the following combinations of the tensor fields A}, BY,, C%, D¥,, E,, and the scalar
field ® are again tensor fields (we suppress the x-dependency):

i) V4, .=AY, + BY, ii) WY, .=®AY, iii) X% .= C¥YDF
iv) Y':i=AYE; v) Z':= AY,

c) Let C;; be a collection of D? fields (i,5 = 1,..., D).

Prove that if B; := C;; A’ is a covariant vector field for every contravariant vector field A’, then
C;; transforms like a covariant tensor field of rank 2.

Note: This theorem is called quotient law, a quite useful tool in tensor calculus.

The covariant derivative of a contravariant vector field is defined as
Ai;k = 8kAl + FiklAl y (5)

with 0, = % and where the Christoffel symbol T, is defined as

. 1.
[y = 59”” (O19mk + OkGmi — OmGri) - (6)

gij = gij(x) is a given, symmetric (¢g;; = ¢;;) covariant tensor field of rank 2 called the metric.

d) Show that the covariant derivative A’ of a contravariant vector field A transforms as a mixed
(1,1) tensor field.

Hint: First, prove the transformation law for the Christoffel symbol

_ OFt Ox™ Ox™ _. o' 9%x™m
i () — 2 T Y g oL o
Uni(®) = 525 azr a1 mn®) + g paraat )
and show that
ozt 9%xm O*Ft  Ox™ Ox"
- _ . ®)

dzm Ozkox! dzmdzn Ozk O
Use this to derive the transformation law for the covariant derivative.
: ; i . 0%t i . Oz . i ok _ §i
You might want to use the shortcut notations o}, := 8—;”,6 and 3} := 8% with o} 37 = 6;-.
In the lecture, the general Levi-Civita symbol ¢"'P was introduced. Here we want to focus on the
most important case of a D = 4 dimensional manifold.

The Levi-Civita symbol is defined as

+1 if (4,4, k,1) is an even permutation of (0, 1,2, 3)
eF =& —1 if (i, 4, k,1) is an odd permutation of (0,1,2,3) . 9)

0 otherwise

This definition is independent of the coordinate system, meaning /% = ¢k,
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e) Show that with this definition the Levi-Civita symbol is a relative tensor of rank 4 with weight
w = +1 (which we call a tensor density), i.e. show that

=i 97 Gk 9l
oz' 0%’ 0z" 0" ;.4

0x® Oxb Oxc Oz ¢

0T

(10)

g Ox .
ikl — ‘ with Jacobian determinant

or
or |’

Hint: Use that determinants can be calculated via the Leibniz formula using the Levi-Civita symbol:

@ — Uikl oz’ @sz@ (11)
ox| 0x' OxJ Oz Ozt
Problem 4.3: The metric tensor [Oral | 5 pt(s)]

Learning objective

The metric tensor (field) is crucial for Riemannian geometry, i.e., the mathematical framework needed
to described curved spaces. Both in special relativity and in general relativity, the metric tensor on
the spacetime manifold determines durations (measured by clocks) and lengths (measured by rods) in
spacetime.

In this exercise, you show that the components of the metric tensor indeed transform like a covariant
tensor field of rank 2. To familiarize yourself with the concept, you study the simple example of
Euclidean space (no time!) in two dimensions R? and calculate the components of the metric tensor in
polar coordinates.

Consider a D-dimensional differentiable manifold M/ and an arbitrary coordinate transformation
T = @(z) from one chart with coordinates z € R” to another chart with coordinates 7 € R”.

a) We start by showing that the components g;;(z) of the metric transform like a covariant tensor
field of rank 2. To this end, use that the “line element” ds? is a tensor field and hence does not
depend on the coordinate system:

gij(v)dz'dr? = ds* = g;;(z)dz'd7’ (Einstein summation!) (12)

Hint: Compute the total differential d7* and use that {dx'} is a basis of the cotangent space Ty M. The
transformation law for a covariant tensor of rank 2 is given in Problem 4.2.

As an example, we consider Euclidean space M = R? in D = 2 dimensions for the rest of this
exercise. In Cartesian coordinates ' = z and 2% = 3, the components of the metric tensor are

Gij = ((1) ?) with line element ds* = g;;(z)dz'dx’ = da® + dy* . (13)

This particular metric tensor ds? characterizes the flat, Euclidean plane you already encountered in
school.

1

b) We want to calculate the components of the metric tensor in polar coordinates z* = r and
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7?2 = 0. The coordinate transformation T = ¢(z) < x = ¢~ '(T) between Cartesian and polar
coordinates is given by

. x =rcosf
o . (14)

y =rsinf

First, use Eq. (12) and the rule for computing the total differentials dz and dy to compute g;;(Z).

Then, derive the same components directly by using the transformation law for a covariant
tensor of rank 2.

The physical length of a curve 7y can be calculated via the metric tensor by

ol = [ ds = [t fastr) 300, (15)

where v(t) is the parametrization of the curve with ¢ € [a, b] in some coordinate system.

c) Let 7 be the circle in R? with radius R and center in the origin.

Calculate the circumference L[7] of this circle once in Cartesian coordinates and then again

in polar coordinates. Use the components of the metric tensor given above and computed in
subtask b).
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Solutions to Problem Set 4
Relativitétstheorie 1, WS 2025 /26

Claude Opus 4.6

Prompt: “Solve the exercise tasks in the pdf. Write your solutions in a latex docu-
ment and compile it. Write solutions like a good physics student, with all important
steps. Do not skip tiresome calculations. Do not assume deeper knowledge of tensor
calculus.”

Problem 4.1: Hafele-Keating experiment

(a) Parametrization of the trajectories

We work in the inertial frame of the space station observer above the North Pole. In this frame,
the Earth rotates eastward with angular velocity Q = 224—”}1. All three clocks move on circles of
radius R (the equator) in the equatorial plane.

Clock S (stationary on Earth): In the inertial frame, it co-rotates with the Earth at angular

velocity 0.
ast = (00

Clock E (eastward): It moves eastward with angular velocity w relative to Farth. Since
Earth already rotates with €2, the total angular velocity in the inertial frame is €2 + w:

cos((Q+w)t
zp(t) = R (sin(((Q + w) t))> '

Clock W (westward): It moves westward with angular velocity w relative to Earth, so the
inertial angular velocity is 2 — w:

vt = (2@,

Here t is the coordinate time of the inertial frame. All clocks start at the same point at t = 0.

(b) Proper times
The speed of each clock in the inertial frame is constant:
izs? = R?Q%,  |zpl’=R*Q+w):  |Ew|’=R*(Q-w)’
Since each speed is constant in time, the proper-time integral simplifies. Both the E and W
clocks go around the Earth once relative to the surface, which takes coordinate time

=T
w

(To see this: the E clock must gain exactly 27 of angle over S, i.e. (2 + w)T — QT = wT = 2.
Similarly for W.)



The proper times accumulated during this interval are:

T
/ R2Q)? 2T R20)2
TS /0 c? w 2 (1)

T 2(Q) 2 2 2(Q) 2
TE_/ \/1_R(jw)dt—ﬂ 1_M7 (2)
0 c w c
T 2(0) — )2 9 2(0) — )2
W:/ wR(2w)m:” qujﬁi. (3)
0 c w c

(c) Time differences (expanded to second order)

We compute Atg = 7p — 75 and ATy = T — Tg. Since RQ/c ~ 1075 < 1 and Rw/c is of
similar order, we expand /1 — e ~ 1 — § to leading (second) order.

9 2(Q) 2 20)2
ATE:[\/l_R(;w)_w_RQ
w C C

<[ -MG) - (5]
_ 2 [(Qer)? _92]

2wc?

Eastward:

2

= —i |:QQOJ + w2]
wc

=-S5 22 +w)|. (4)

Westward:

=+——(2Q—-w)|. (5)

Physical interpretation: The eastward clock moves faster in the inertial frame (vgp =
R(2 + w) > RQ = vg), so it ages less than S (Arg < 0). The westward clock moves slower in
the inertial frame (for w < Q: vy = R(Q — w) < vg), so it ages more than S (Ary > 0).

(d) Numerical evaluation

Given: v = Rw =200 m/s, R = 6.4 x 10 m, ¢ = 3 x 10® m/s, Q = 27/(86400 s).
First, compute the relevant velocities:

27 x 6.4 x 10°

O = ~ 465.4 .
R 36400 m/s &~ 465.4 m/s



The flight time (coordinate time):

2R 27 x 6.4 x 10°
v 200

T s = 2.011 x 10° s ~ 55.9 h.

The common prefactor:

TR?  wx (6.4x10°% 7 x4.096 x 10" _3
2T T BxIPE — oxil ~ 1.430 x 1072 s.

The angular velocity factors:

4 200
20 +w =20+ - i ~1.454 x 1074 +3.125 x 107° = 1.767 x 10~4 571,

R 86400 6.4 % 10°

20 — w =20 — % ~1.454x 1074 —3.125 x 107° = 1.142 x 104 s~ L.

Therefore:

Arp = —1.430 x 107% x 1.767 x 10" s ~ [ —253 ns|, (6)
Ary = +1.430 x 107% x 1.142 x 10* s ~| +163 ns]. (7)

Comparison with the original publication: The theory paper by Hafele & Keating
(Science 177, 166-168, 1972) reports for the kinematic (velocity-dependent, special-relativistic)
contribution:

ATEN = 184+ 18ns,  AT™ = 496 4 10 ns.

Our idealized values (—253 ns and +163 ns) are of the correct sign and order of magnitude, but are
larger because we assumed a perfect equatorial circumnavigation at constant speed. The actual
experiment involved non-equatorial flight paths, varying speeds, and layovers, which reduce
the effective time dilation. Additionally, the complete description requires gravitational time
dilation (a general-relativistic effect), which contributes +144414 ns (eastward) and +179+18 ns
(westward) according to the original paper.



Problem 4.2: Tensor Calculus

Throughout this problem, we use the Einstein summation convention and the coordinate trans-
formation & = ¢(x) with the shorthand notations
;. ozt

Qy = =
R ahk’ ko gzhe

satisfying a}; ﬁjl? = 5} .
(a) The contraction ®(z) = A’(x) B;(z) is a scalar field

We compute the contraction in the barred coordinate system using the transformation laws (2)

and (3):

= 92k 97 A% (x) Bi(x) = 60;, A"(z) Bi(x)

= A(z) By(z) = @(x). (8)
Here we used the chain rule identity % g—gi = % = 6L. Since ®(z) = ®(x), the contraction
transforms as a scalar (invariant under coordinate transformations). O

(b) Tensor field combinations

We use the general transformation law (4) for a (p,q)-tensor field. Using our shorthand, a
(2, 1)-tensor AY}, transforms as A%, = ol o B Adb

(i) V¥, := AY), + BY} is a (2,1)-tensor.
Since AY;, and B}, are both (2, 1)-tensors, they transform with the same Jacobian prefactors:

Vi, =AY, + BY, = afl aZ By A%, 4 ozfz ai B B,
=al ai B (A%, + B*,) = o, ag Beveb,. 9)
This is the transformation law of a (2, 1)-tensor. O

(ii) W4y := ® AV}, is a (2,1)-tensor.
Since ® is a scalar field, ®(7) = ®(z). Therefore:

Wiy = &(z) A, = &(x) o, of 7 A,
=al ai B d(z) A%, = ol ozi BEWweb, . (10)
This is the transformation law of a (2, 1)-tensor. O

(iii) X%k, := O D¥, is a (3,1)-tensor.
C is a (2,0)-tensor: C¥ = of o] C®. DF is a (1,1)-tensor: D¥, = o pd De,.
Their product transforms as:

v ijk ~ij Mk i J b k nd
X% =CY D% = a0 C% - o B D%
_ i AJ ok ad b _ i J k ad b
= agapap B C D = a; oy ap B X (11)

This is the transformation law of a (3, 1)-tensor. O



(iv) Y := C¥ Ej; is a (1,0)-tensor (contravariant vector).
This is a contraction of the (2,0)-tensor C* with the covariant vector Ej:

Y'=CYE; =d, ai ce . B5 Ee
oz

=a) o] B CPE. = ol C* By = o, Yo=Y (12)
—— €T
3
This is the transformation law of a contravariant vector. O

(v) Z':= A%; is a (1,0)-tensor (contravariant vector).
This is a trace (contraction of the second upper index with the lower index) of the (2, 1)-tensor
Aty

Ty b
7' =AY = ag o B] A%,

:ozfl aiﬁ; A“bc:ai Aabb:afl 7% = D VAS (13)
—— T
o5
This is the transformation law of a contravariant vector. O

(c) Quotient law

Claim: If B; := Cj; AJ is a covariant vector field for every contravariant vector field A7, then
C;; transforms like a covariant tensor field of rank 2.

Proof. Since B; is a covariant vector field, it transforms as
Bi(x) = B} B(x) = Bf Cu(z) A'(z).
On the other hand, we can also write in the barred system:
Bi(z) = Cy;(7) A(7) = Cij(7) of A'(w).

Here we used that A7 is a contravariant vector, so A7 = a{ Al
Equating the two expressions:

Cij(7) of Al(z) = BF Cui(z) Al(=).

Since this must hold for every contravariant vector field A' (and the transformation x ~ Z is
invertible, so arbitrary A! corresponds to arbitrary A7), we can conclude that the coefficients of
Al must agree:

ézj(i‘) ag = ,Blk Ckl<37) .
Multiplying both sides by 8!, (i.e., contracting with dz'/0z™):

Cij(z) of B, = BF BL, Cra(2),
\-YJ

&
which gives
_ oxk oxt
This is precisely the transformation law of a covariant tensor of rank 2. O



(d) Covariant derivative transforms as a (1, 1)-tensor

We need to show that A’) = 9y A" + I'}; Al transforms as a mixed (1,1)-tensor. We proceed in
three steps as suggested.

Step 1: Proof of the identity (8).
We differentiate the identity o, 3" = §! with respect to "
da 0%z™m

gk O+ m Grigm =0

For the first term, we use the chain rule = By 8% to write:

0
ozk
w0 or 9’z

dal _ g
ozk — ozk oxm — TF §xn oxm

Substituting back:
0z m . O0%a™
p r ——— =0.
Ok e gam T O Hzk o

Solving for the second term and relabeling n — m, m — n in the first term:

S 9%m 9z
o - By By

m o ozk ozt T dzm Oxn

This is equation (8).

Step 2: Proof of the Christoffel symbol transformation law (7).

The metric g;; is a covariant (0,2)-tensor, s0 gmk(Z) = 8% BY gap(z). The inverse metric
transforms as §""(z) = al. o g"*(x).

Starting from the Christoffel symbol definition in barred coordinates,

1 <8gmk OGmi Ol >

—_— B
=99 \Tozl T azk  am

we need to compute Sy,p = 6&’:}’“ + %gé’,;l - %.

Differentiating gmx = 5%, ﬂz Gab USINg % = B} Oe:

OGmk %z , 0%xb . .
07 = 97 ozm 512 Jab + B, 97 Ok Gab + B, 5/2 Bi OcGab - (14)

Writing out all three terms in S, using (14) (with appropriate permutations of k,l,m), we
collect two types of contributions:

Second-derivative terms: From the six second-derivative terms (two from each of the three
derivatives), four cancel in pairs due to the symmetry 0%z®/0z%0z™ = 0%2*/0z™0z". Specif-
b _ 9%z 9Gm1 Ok

ically, the terms containing f; 353—— from Z and —z2 cancel each other. Among the

remaining four, renaming dummy indices a <> b (using g, = gpe) in one pair shows that two
more cancel, leaving only:

anb
second-derivative terms = 2 8} gap 95 ol
Tk 0%

Metric-derivative terms: After relabeling dummy indices to factor out 5%, ﬁz 7, the three
metric-derivative contributions combine to:

ﬁfn /812 BZC (80 Gab + ab Gac — aa gbc) =2 ﬂ?n /812 /Blc Ged Ffllb P



where we used %(ac 9ab + Ob Gac — Oa Gbe) = Jed ng (the Christoffel symbol of the first kind).
Combining, we have:
1 b d O%a®
o Omkl = B Br Bi 9ea Ty + By Jab Fror e
Contracting with g™ = ol o™ ¢"* and using o™ 8¢, = §%:
. . . 82.Z‘b
i _ 1 .rs b pc d i rs
k=0 9 BB gealsy + 0y 9" gsp 9k ozl -
57‘
For the first term, we use ¢"° geq Fglb =g 1(81, Gse + Os gpe — Oc gsp) = I}, and for the second
term, ; collapses the sum. Renaming dummy indices (r — j, b = m, ¢ = n):

i ~i  §2,m
[ (7) = ox' 0x™ 0x" M (2) + ox' 0%x ‘
dxi 9zk 9zl daxm 9zk ozt
This is equation (7). The first term is the “tensor part” and the second is the inhomogeneous
part that makes I'}; not a tensor.

Step 3: Transformation of the covariant derivative.
We compute A’y = 9y A* + T, A' in barred coordinates (where 0y, = 9/0z%).
Term 1: Oy A'.
Since A = a;- A7
5}€Al:(§k(a; A]) (8kOé )A]—i-a 6kA3
0%z

_ﬁkam8]A+a/B (15)
Term 2: fil Al
Using the transformation law (7) for I'; and A' = of, A™:

2,.5

™ A i om on 0%z T
klAl: (Oé]ﬂk Bl Thn + o ok o l) OéiA . (16)
The first part of (16): using 87 ol = o7,
Zﬁk /31 04 ), AT 2043' B Ty AT (17)
5?
The second part of (16): we use identity (8) applied to ol ng%xl = mm an Byt B, then
contract with al:
. 0%t 027! 027!
i AT = — m nlAT:_m AT 18
% gk ol O gam gan Ok O % B G o (18)
a7
Combining: Adding (15), (17), and (18):
8%" o’z
m ] T _ Qm r
0 (I1) (I11) ()

". This is identical to

In term (I), rename the dummy index j — 7 (I) = " arm L AT
term (IV), so terms (I) and (IV) cancel.

The remaining terms give:

. , . . oz dx™
7 _ 7 m J ¥ T _
Ay = o B (OmA? + 1}, A7) = 907 ogF Lim- (19)
This is precisely the transformation law of a mixed (1, 1)-tensor field. O



(e) Levi-Civita symbol as a relative tensor of weight w = +1

We need to show that

ox| 0z' ox7 9zF 0z' 4.4

Gkl _ |9 | 0" 0T o
0x| Oxa Oxb Oz Oxd

Consider the right-hand side. Using the Leibniz formula (11) for the Jacobian determinant:

@
ox

o 9 081 5% 07
B 0z¢ Oxb Ox¢ Ozt

This is the determinant of the Jacobian matrix J, where Jp, = ng- Now consider the expression

g ozt ox) 97k 07
’ij‘l — abcd R ade J J J J .
J € 78:(/@ 92 9° 9zl € ia Jjb Jkc JId

This is the determinant of the 4 x 4 matrix with rows (J;., J;., Ji., Ji.), i.e., the rows of J

rearranged according to (i, j, k,1).

o [f any two of ¢, j, k, [ are equal, two rows of this matrix coincide, so the determinant vanishes:
TR = 0 = €Ik det J.

o If (4,7, k,1) is a permutation o of (0,1, 2, 3), then the rows have been permuted by o relative
to the standard order. A permutation of rows changes the determinant by sgn(o):

. . ox
1kl _ det J = igkl | Y% ]
J sgn(o) de € o
In both cases, JUkL — ¢igkl ‘%L Therefore:
Qx| 0z 0w 0" 0 peq _ |0| ijua |0F| _ iju (20)
0x| Ox® Oxb Oxc Ox? 0T Ox ’

where we used ‘%‘ . %‘ =1 (the inverse function theorem).
This is exactly equation (10), confirming that €/* is a relative tensor (tensor denmsity) of
rank 4 with weight w = +1. O



Problem 4.3: The metric tensor

(a) The metric transforms as a covariant tensor of rank 2

The line element ds? is invariant under coordinate transformations:
gij(x) da’ da? = ds? = g;;(z) dz' da’ .

Compute the total differential of the new coordinates:

oz
dz" = Dk dz®.
Substituting into the right-hand side:
T S 0z' 0z’
9i(2) dz* Az’ = gij(2) 5% - da* da'. (21)

By the invariance of ds?, this must equal gi;(z) dz* dz!. Since the differentials {dz*} form a basis
of the cotangent space T M (and hence are linearly independent), we can compare coefficients!:

. 0z' 0w
gkl(x) = gij(CU) % w
Multiplying both sides by gji,i g%,: and using g%,i gji,i =68
B _ oxk oz
Gmn(T) = -0 o (@)
This is the transformation law of a covariant tensor field of rank 2. O

(b) Metric in polar coordinates

The coordinate transformation from Cartesian (z!,2?) = (x,%) to polar (z!, %) = (r,0) is given

by the inverse:
T =rcosf, y=rsind.

Method 1: Via total differentials.
Compute the differentials:

dx = cosf@ dr — rsinf d6,
dy =sinf dr + rcosf df .

The line element in Cartesian coordinates is ds? = dz? + dy?:

ds? = (cos@ dr — rsin@ df)? + (sin @ dr + r cos 6 df)?

= cos?0 dr’ — 2rsinfcos® drdf + r?sin’f d6?
+sin%0 dr? + 2rsin@cosd drdf + r?cos’d dh?

= (cos?0 + sin?0) dr? 4 r2(sin%@ + cos?) d6?

=dr® +r*d6*. (22)

'More precisely, since da* dz! is symmetric in k, I, we compare the symmetrized coefficients, but since gx; and
gij are already symmetric, this is immediate.



Reading off the metric components from ds? = Gij dzt dzl:

_ 1 0
95 = \o 2)-

Method 2: Via the transformation law.
The Jacobian matrix of the inverse transformation is:

axk_(?(a:,y)_ % ‘3%5 ~ [cosf —rsinf
ozt O(r,0) % % ~ \sinf rcosf )

dzk

Using the transformation law g;; = 35 % il With g = ogr:

oxk Ox*
g11 :aia; a—a;:cosQG—l—siIPG:l,
k 5ok
J12 = aair % = cosf (—rsinf) 4 sinf (rcosf) =0,
k k
922288959 85?9:r2sin20+7’2c0529:r2.

This confirms g;; = diag(1,7?), in agreement with Method 1.

(c) Circumference of a circle

Let ~ be the circle of radius R centered at the origin. The circumference is

i = [ as= [ a0 70 90,

In Cartesian coordinates:

Parametrize: v(t) = (Rcost, Rsint), t € [0, 27].
Velocity: 4(t) = (—Rsint, Rcost).

With Gij = 52‘]‘:

9ij ¥'4) = (—~Rsint)? + (Rcost)? = R*(sin®t + cost) = R%.

Therefore: ) )
Lyl = \/ﬁdt:R/ dt = 27R.
0 0

In polar coordinates:

Parametrize: v(t) = (r,0) = (R, t), t € [0,27].

Velocity: 4(t) = (7, 8) = (0, 1).

With g;; = diag(1,7?): o

Gij V' =1-0+r*- 1> = R%.

Therefore:

2 2
Ly = | VR2dt= R/ dt = 27R.
0 0

Both coordinate systems yield the same result L[y] = 27 R, as expected since the physical
length is a scalar quantity (coordinate-independent).
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