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Since the Polyakov action has both, Weyl invariance and diffeomorphism invariance ...

Diffeo. invariance: (&, X) A (h,X) = Splh,X] = Splh, X] (15.299)

Weyl invariance: i = Sp[ﬁ, X] = Splh, X] (15.29b)

... we can combine them:

< Conformal diffeomorphism ¢ —

Diff

Sp[h, X] if Weyl

Seli, X1 2F Sp[i, X] = Splh, X]

(15.30)

That is, we can use the Weyl symmetry to “undo” the effect of a conformal diffeomor-
phism on the metric, such that only the fields are affected by the conformal map. We

call such transformations of the fields conformal transformations.

— Conformal transformation ¢ is symmetry of Sp on fixed background metric /.

—

The Polyakov action is a # conformal field theory.

(15.31)

- Note that a particular class of conformal transformations are global rescalings of the
worldsheet: (z,0) — (A1, A0); i.e., conformal field theories are scale invariant.
This makes such theories (though not the Polyakov action) useful tools in condensed
matter physics to describe second-order phase transitions (where systems become

scale invariant due to fluctuations).

- The conformal symmetry will not survive the quantization of the Polyakov action
in general; this is called * conformal/trace/Weyl anomaly. Since the conformal
symmetry is a (unphysical) gauge symmetry of the relativistic string, this poses a
fundamental problem. The conformal symmetry can only be restored if (1) the
spacetime dimensionis D = 26 and (2) the metric of spacetime satisfies the Einstein

field equations.

Institute for
i:!oret'cal
] Physics

5

< Hilbert energy-momentum tensor:

11,107 _i&(«/ﬁLP) 1119

Tab (T’ O—) \/E 8hab

T (92 X" 05X, — Shapde X 0°X,,)

(15.32)

Use Eq. (11.119) or your result from @ Problemset 4 for the Klein-Gordon field to show this. Note
that we defined the HEMT here with the opposite sign [¢f Eq. (11.107)]; this is because we use
the opposite signature (—, +) for the metric /,5. The sign makes the energy density Too positive

(which is how the sign of the HEMT is conventionally chosen).

Symmetries constrain the HEMT as follows:

. C . 11.110 . .
Diffeomorphism invariance (15.26) — T“b.b =0 (divergence-free)
. . o
Weyl invariance (15.28) — T% =0 (traceless)

To show that the trace vanishes due to Weyl invariance is straightforward. First, define

hap = e2phab s
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and then compute the variational derivative of éﬁp(ﬁa by XH) wrt p:

0 Weyl §Lp SLp 15.28 5$P Shap 1. 101 AT e20h = —JRTE &2 (15.35)
8p Shap P ¢

This implies 7%, = 0 without imposing the equations of motion; it is an /dentity. [This is a
consequence of the fact that the fields X#* do not change under Weyl transformations. ]

6 | Equations of motion:

 Varying Eq. (15.22) wrt the world sheet metric £, yields the HEMT:

15.32 |
8hSp =0 & Tup»=0 (15.36)

T,» has no derivatives of the metric [Eq. (15.32)] — Constraint

» Varying Eq. (15.22) wrt the fields X* yields:

SxSp =0 < 0, (ﬁhababxﬂ) L0 & AXF=0 (15.37)

with Laplace-Beltrami operator A = V4V, [« Eq. (10.98)].
Recall © Problemset 4 and Eq. (11.38).

This EOM looks much more tracktable than the EOM (15.21) of the Nambu-Goto action.
But we should not forget that it must be augmented by the constraint Eq. (15.36).

7 Boundary conditions:

If the worldsheet is finite (here in o direction), the variation of the action has boundary terms that
must also vanish (in addition to the EOMs above):

< Worldsheet with t e Rando € I = [0,/] for 0 <[ < oc:

<o ,
+o00 ) f_'(g «/ET f_fL -
Sx Sp = /drfdo % dr «/_SX 8"X“] _, (539
— Boundary term

— EOM (15.37)

To show this, use Egs. (11.99) and (11.101) (for X, instead of g*¥) and apply them to the Polyakov
action Eq. (15.22).

There are three possibilities to make the boundary term vanish:

Opeu siiugg
Clesed sboigs | |
Merwsun .D"““"}

/ ﬂw\n-uu

/\/ -
" ICM"'
=0
'D,-X ,'b"“'
NICOLAI LANG « INSTITUTE FOR THEORETICAL PHYSICS Ill « UNIVERSITY OF STUTTGART PAGE

455



Institute wr
iiagret'cal

EX » SNEAK PEEK: BOSONIC STRING THEORY hyslcs

+ Closed string:

A closed string requires that the points 0 = 0 and o = [ in [ are identified; in particular:

X (z,0) = X*(z,1) and 8°XH(z,0) = 3° X"(z,1) (15.39)

These conditions make the difference of the two boundary terms in Eq. (15.38) vanish.

For consistency, also the metric must be periodic: /45 (7, 0) E hap(z,1).
— All fields are periodic in o-direction
— String = Closed loop

 Open string:

An open string has endpoints; there are two possibilities to make each of the two boundary
terms in Eq. (15.38) vanish separately on these endpoints:

- Neumann boundary conditions:

! !
XM, 0)=0=03"XH(,]) < 09, X gy =0 (15.40)
—_— ———
Coordinate independent

Here M denotes the 2D worldsheet and ¢ is the normal on the boundary 1D d.M.
— Ends of string move freely in spacetime
Note that the positions X*(t,0) and X*(z, /) are not fixed.

- Dirichlet boundary conditions:

The constraints Eq. (15.39) and Eq. (15.40) are Poincaré/Lorentz covariant equations.
With these boundary conditions, the internal Poincaré invariance of the theory remains
intact. If we allow for a violation of this symmetry, there is a third possibility to make
the boundary terms vanish:

' {8,X“(r,0)=0} {X“(r,O) = const
(15.41)

=] !
§X. 02, =0 =
[ M]a=0 3 XMz, 1) =0 XH™(z,1) = const

— String ends are fixed (here: in spacetime)

For an open string, one can mix Neumann and Dirichlet boundary conditions for the different
components X * because the boundary terms in Eq. (15.38) area sumover u = 0, ..., D — 1.
If X° and p of the spatial components X satisfy Neumann boundary conditions, the string
can move freely on a p-dimensional hyperplane in space; this hyperplane (extended by one
dimension in time) is called a ™ D p-brane.

— Strings can be attached to a ™ D-branes (D = Dirichlet)

After quantizing strings attached to a D-brane, one finds that some of their oscillator modes
can be interpreted as quantum fluctuations of the D-brane itself (their coherent states deter-
mine the expecation value of the D-brane position in spacetime). Hence one finds, quite
surprisingly, that D-branes are actually dynamical objects - and not static & classical back-
ground structures.

In the following we only consier closed strings and open strings with Neumann boundary conditions.
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Flat gauge: (also called conformal gauge)
Mathematical fact: Every two-dimensional pseudo-Riemannian manifold is conformally flat:

— V hgp 3 Coordinates such that

hap = Q%(1,0)nap = Q2(x, a)( ! (1)) (15.42)
ab

for some non-vanishing conformal factor Q(z, o).
i! Conformal flatness does not imply the vanishing of the Riemann curvature tensor.

This is a peculiar feature of two dimensions: On a d-dimensional manifold the metric tensor has
d(d + 1)/2 independent components. The diffeomorphism group (coordinate transformations)
has d generators [« Eq. (11.102)], which leaves d(d — 1)/2 degrees of freedom of the metric that
cannot be fixed by coordinate transformations. In d = 2 this is exactly one degree of freedom,
namely the conformal factor in Eq. (15.42).

We can now use the Weyl invariance (15.28) of the Polyakov action to drop the conformal factor:

Weyl invariance —  hgp = ngp &% Flat gauge (15.43)

All calculations that follow are perfomed in flat gauge:

Conjugate momentum & Poisson algebra:

In flat gauge, the Polyakov action & Lagrangian are quite simple:

sl x] 22 2 [ dodr [(X)? - (X)?] (15.44)
%,_/

=:LI3t/(7)2)
To prepare for canonical quantization, we need the conjugate momentum of X #:
— Conjugate momentum:
flat

M, (r,0) = BXPM =TX, (15.45)

which satisfies the ¥ canonical Poisson algebra: (defined at equal time!)
{X*(r,0),Oy(1,0")} = 8(c —o’) 8 (15.46)

This is the field-theory analog of {x;, p;} = §;; that you encountered in your course on classical
mechanics. The Poisson bracket for fields is defined via functional derivatives. However, we will
expand the fields into a discrete set of modes - below anyway, so that we can impose this Poisson
algebra directly on the modes (without the need for functional derivatives).

Classical solutions of EOM (15.37) for X #:

In flat gauge, the Laplace-Beltrami operator yields a simple wave equation:

(02-92) X" =0 (15.47)
O

We will now write down the general solutions of this EOM for a closed and an open string.
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i! Do not forget that this is only one of the EOMs; it must be augmented by the constraint Eq. (15.36).
We will study the implementation of this constraint on the solutions - later.

o .
— General solution:

X*(r,0) = Xp(t—0)+ X[ (r +0) (15.48)

“Right mover” “Left mover”

Here X} ;1. are arbitrary (differentiable) functions of a single variable.

In - light-cone coordinates 6= = t + o the EOM (15.47) reads 040 X* = 0. Integrating twice
yields the general solution X* = Xk (07) + X' (o).

i < Closed string:

=
— ¢

a | We must implement the boundary conditions Eq. (15.39) on the solutions Eq. (15.48).

Let wlog ! = : (this can always be achieved by reparametrizing the worldsheet)
X*eR and XH*(r,0 + 1) = X"(z,0). (15.49)

— We want to parametrize real-valued, o -periodic and differentiable functions.
— Fourier series

° .
b — Most general solution:

w
Xg = %x“ +ao'pH(t—o)+iy/ %/ Z o exp [-2in(t —o)]  (15.502)
n
n#0

5
X =1xlt 4o/ ph(r 4+ 0) +i \/g Z O%' exp [-2in(tr +0)]  (15.50b)
n#0

Here we use the slope parameter ' = (27 T)~! for convenience. Note that we ex-
1
2
periodic in o but becomes so in the sum Eq. (15.48). All prefactors are chosen for

tracted the n = 0 component as 5 x* from the sum. The linear part < p* is not

convenience.
The solutions are parametrized by the following free parameters:

o x*, p* € R: Center of mass initial position & momentum of string

The interpretation of x* and p* is easily confirmed:

] 4
xt = —f do X*(0,0) (15.51)
T Jo
and
wo 1 " " 1545 7 "
pt = do 0. X" (1,0) = do I1*(7,0) . (15.52)
2ra’ Jo 0
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e o, @l € C: Fourier components of string oscillation modes

Reality condition: X* € R <

ot = (@)* and a*, = (@H* (15.53)

When checking this, do not forget that n € Z so that n > —n.

. . . ~ 4
It will be convenient to define for the closed string: (xg“ = Otg =,/ % pH.

¢ | Poisson algebra Eq. (15.46) in mode space &

{xt, p¥y =" (15.542)
{ab )t = imBpminn™’ (15.54b)
{ab,ayt = imdpminn™’ (15.54¢)
{ak @)t =0 (15.54d)

! Note the complex i in the Poisson algebra of the Fourier modes. After quantiza-
tion, this will make pairs (e}, ") into creation and annihilation operators of a
harmonic oscillator mode.

» The Poisson algebra is the starting point for a canonical quantization procedure

(= below). So what is the point of the classical solutions Eq. (15.50)? There are two
aspects to consider:

First, for © = 0, the expansion Eq. (15.50) is a completely general parametrization
of configurations X of the string that are consistent with its boundary conditions.
This makes the Fourier coefficients o), , &} [together with x* and the reality con-
straint Eq. (15.53)] a convenient (and discrete) set of dynamical variables to encode
the field X*#. The Fourier expansion exploits the symmetry of the problem under
translations along o, and leads to a decoupling of the Poisson brackets between
different modes. (Note that only brackets of the form {a’’, «”,} do not vanish.)

Second, eventually we want to quantize the fields X*. Since the Heisenberg
field operators of free fields obey the classical equations of motion (™ Quantum
field theory [21]), we can simply quantize the mode operators and plug them into
Eq. (15.50) to obtain the Heisenberg field operators for t # 0 (thereby skipping
the solution of the Heisenberg equation, 7.e., the application of the time-evolution
operator).

i | <t Open string & Neumann boundary conditions: (no D-branes!)

NICOLAI LANG -

’_\Nf

a | We must implement the boundary conditions Eq. (15.40) on the solutions Eq. (15.48).

Let again wlog [ = m:

X*eR and 0,X"(1,0) =0=0,X"(1,7) (15.55)
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b — General solutions:
1%
o
XH(r,0) = x* +2d' ptr + i V20’ Z — exp[—int]cos (no)  (15.56)
n#0 n
You can derive this from the closed string solutions Eq. (15.50) by imposing the con-
straint Eq. (15.55) which cuts the degrees of freedom in half.
The solutions are parametrized by the following free parameters:
o x*, p* € R: Center of mass initial position & momentum of string
« alf € C: Fourier components of string oscillation modes
— Only one set {ay’} of oscillator modes!
Reality condition: X* e R &
alt, = (ai)* (15.57)
It will be convenient to define for the closed string: oy = +/20’ p#
(Note that this definition is different from the closed string!)
o
¢ Poisson algebra Eq. (15.46) in mode space <
{x/*l" pv} = n’uv and {arlﬁ’a;l)} = lm8m+n77/w (1558)
This is the subset of Eq. (15.54) where the modes &), have been dropped.
11 < Constraint Eq. (15.36):
Now that we have the solutions of the EOM (15.37) (for open and closed strings), we should also
impose the constraint Eq. (15.36) on them. Here we only simplify the constraint in flat gauge, but
do not enforce it yet on the level of oscillator modes. We do this » /ater after some more gauge
fixing.
.
Tp(t,0) 2 T (aaxﬂabx,L — Lnapn?o.X"0, X,L) Lo (15.59)
S In components this reads:
. !
Too = Ti1 = 2 [(X)* + (X)*] =0 (15.602)
; !
Tor =Tio= X - X' =0 (15.60Db)
We can now check Eq. (15.33b) explicitly:
T% =T, =Ty —Too =0 (15.61)
As explained above, this is a consequence of the Weyl invariance of the Polyakov action.
The constraint equations can be combined in a convenient form:
. 21
Eq.(1560) < (XxX)"=0 (15.62)
This will be our starting point to enforce the constraint - /ater.
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12 | Conserved quantities:

As preparation for - later, let us briefly discuss the conserved quantities that follow from the global
Poincaré symmetry of the Polyakov action:

Poincaré symmetry Eq. (15.24) — Noether currents = & Worldsheet currents
[Remember: Poincaré transformations = Translations + Rotations + Boosts]

i! The Poincaré symmetry is an énternal symmetry, and the corresponding Noether currents
live on the 2D worldsheet (not on spacetime!). This means that latin indices a, b, . . . label the
components of the currents, whereas greek (spacetime) indices p, v, ... label different zypes of
currents, corresponding to different spacetime symmetries.

o p-Translations: §, X* = 61

(Recall Egs. (6.79) and (6.89) and note that a u-translation shifts the value of the field X *.)
Eq. (6.84) >  PM =T, X" with 9,P“ =0 (15.63)

— Conserved charge: Total 4-momentum:
686 [T T
prtE / doPl' = T[ do X ™ ' pH (15.64)
0 0

When using Eq. (6.84) to derive this, be very careful: Here the symmetry is labeled by a
spacetime index (¢ — v) whereas “spacetime” is now the worldsheet (i — a). The field is
still a scalar, but there are D of them labeled by another spacetime index (¢ +— X*). Since
the Poincaré symmetry is an internal symmetry, it is §,x* — 8,0 = 0, i.e., it does not
transform the worldsheet coordinates.

« pv-Rotations: §%8 x# = pae x B — pBrxe [« Eq. (6.78), we drop the arbitrary 21
(“Rotations” here refers to both spatial rotations and boosts.)

Eq. (6.84) >  JI =T (XP9,X" — X9, X") with 9,7 =0
(15.65)

— Conserved charge: Total 4-angular momentum:
4 T . .
JW = f doJy”’ = T[ do (X*XY — X"XH) (15.66)
0 0

After quantization, this charge becomes an operator that generates rotations & boosts on the
Hilbert space of the string (just like the momentum operator generates translations). It will
be crucial to determine the critical dimension of bosonic string theory.

13 = Hamiltonian:

In flat gauge, and with the mode expansion at hand, it is now straightforward to derive the Hamilto-
nian of the Polyakov action:

i| Asusual, we get the Hamiltonian via Legendre transformation from the Polyakov Lagrangian:

15.44 T b4

H= / do[X - L] = S [ o[+ (7] (15.67)
0
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Using the Fourier expansion of the fields, this can be rewritten in terms of oscillator modes:

1
Open string: H 1226 3 Za_n - Oy (15.68a)
n
1548 |
Closed string: H 13:30 > Z (0—p -0y + Oy - Oy) (15.68b)
n

o Here we introduced the shorthand notation o, + 0—p = nyp e’ ,.

 Note that these sums include the n = 0 mode, 7.e., the momentum p* of the string:

Open string (af = v/2a/ p): %ao g = o p? (15.69a)

Closed string (&, = /o//2p"): % (oo - g + @ - Qo) = %o/p2 (15.69b)

These terms account for the kinetic energy of the string.

e To derive Eq. (15.68), use that forn,m € N

/ do cos (no) cos (mo) = %Sn,m = / do sin (no) sin (mo) . (15.70)
0 0

The constraint equation implies that the Hamiltonian vanishes on-shell:
Egs. (15.60a) and (15.67) = H =0 (15.71)

This is similar to Section 5.4 [in particular Eq. (5.92)] where we found the Hamiltonian of
the relativistic particle to vanish as well. We identified the reparametrization invariance as
the root cause, which is a local (gauge) symmetry that produces constraints via Noether’s
second theorem. Here, the Hamiltonian generates translations in t - but t is only one
of many possible time-like parametrizations (due to the diffeomorphism invariance on the
worldsheet); it has no physical interpretation. Consequently, the Hamiltonian that generates
translations in this parameter has no physical significance either.

Eq. (15.71) — Mass shell condition:

We study open and closed strings separately:

» < Open string: Combining our previous results implies:

15.69
o p? =t — Z A—p -y (15.72)

n>0 n>0

Thus the norm of the 4-momentum of the string is determined by its oscillation modes.

—> Recall that the norm of a 4-momentum is a Lorentz scalar called (rest) mass:

w

253

p

1
-M? = M?= o Za_n - Oy (15.73)

n>0

M : Rest mass of the open string
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- If you think about it, this result makes sense: The oscillations of the string con-
tribute to its snternal energy. And in Section 5.2 we argued that in a relativistic
theory, any type of internal energy contributes to the rest mass of an object.

- Note that (af)* = o, makes terms like o, oy = |}y’ |? non-negative. However,

not also that o—, - o, = nuy at,al, so that the Lorentzian signature of 7,

produces positive and negative terms in the sum. The current form of Eq. (15.73)

is therefore potentially problematic, since the left-hand side is the mass squared.

o < Closed string: Along the same lines, one finds for the closed string the constraint:

1.7.2 15.69b ~ ~
s pT = — Z (—p -y + A—py - Op) (15.74)
n>0

... so that the rest mass of the string is given by:

2 - -
pzsé’—M2 = M2:JZ(a_n-an+a_n-an) (15.75)

n>0

M : Rest mass of the closed string

4 Lecture 34 [23.07.26]
15.1.1. Light-cone gauge

We could quantize the string right away by replacing the Poisson brackets of the oscillator modes with
commutators. However, our theory still has unfixed residual gauge degrees of freedom that lead to
problems after quantization. Here we identify and fix these gauge degrees of freedom, and finally impose

the constraint 7,, = 0. The result will be a classical formulation of the relativistic string that can be
canonically quantized without any issues (almost ...):

14 Remember: We are in Flat gauge Eq. (15.43): hap = ngp = diag (—1,+1) 4
But remember also: Polyakov action has « conformal symmetry Eq. (15.30)

Conformal symmetries are residual gauge symmetries on the worldsheet that allow for the transfor-
mation of the fields X# without modifying the worldsheet metric /4.

— < Combinations of diffeomorphisms & Weyl transformations consistent with flat gauge:

o < Infinitesimal diffeomorphism: 6¢ = 0% + ¢%(0) [« Eq. (11.90)]

Eq. (11.104) —  ShP = —(3peq + dap) — € 0cnap (15.76)
=0

The signs are different from Eq. (11.104) because the tensor is covariant.

o < Infinitesimal Weyl transformation (15.28): (| p| <1)

~ Weyl
hap = €*nap ~ (1 +2p)0ap = Shyy = 2pnap (15.77)
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