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4 Lecture 15 [04.02.26]
6.3.1. Application: The Energy-Momentum Tensor (EMT)

Details: ® Problemset 7

7 < Infinitesimal spacetime translations:

Xt =xtrwt = Sx* =48 and 8,0=0 (6.89)
& Translation-invariant action: S = S (This includes translations in time!)

8 | Conserved currents: Eq. (6.84) —

0L 0L
OF = —)8p¢ — 80y SxP = ———0,p -8 (6.90)
14

P 0(0ue (3. p)

v

Note that the generator index a is in this case a proper Lorentz index v so that we can pull it up,
OM = pvP@", and obtain:

& (Canonical) Energy-Momentum Tensor:

0L
Y = "¢ — 'L (6.91)
d(0ud)
with
1
9,0"" =0 and four conserved charges PV := - / d3 0% (6.92)

» Note that these quantities are only conserved for solutions of the Euler-Lagrange equations.

o PV isa 4-vector (show this!). Note that this is a non-trivial statement because d*x is not a
Lorentz scalar and ©° not a 4-vector.

o The prefactor 1/c ensures that P? has the same dimension as a conventional 4-momentum
with p® = E/c; note that ®°? has the dimension of an energy density because £ has this
dimension.

9 | Interpretation:
i| Energy (v =0):

/ d* 0% = / d3 %ax } / d>x H(p, ) = (6.93)

f_/
Hamlltoman density Hamiltonian

— The Hamiltonian is the component of a 4-vector and not Lorentz invariant!
By contrast, the Lagrangian is Lorentz invariant (for relativistic field theories).

ii | Kinetic momentum (v = i)
/ d*x 0% = / d3 —( ;i) = / d*x ;¢ (6.94)

7t is the canonical momentum conjugate to the field ¢.
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10 = The canonical EMT of electrodynamics:

< Free (j* = 0) electromagnetic field: £Lem = —ﬁFWF e

— Invariant under spacetime translations

Indeed, with x"* = x* + w* and the field transformation A4}, (x) := A, (x — w) itis
Sem[A'] = / d* Lem(A'(x), 04’ (x)) = / d* Lem(A(x —w), 0A(x —w))  (6.952)
— [ & £en(40).040) = Snl4] (6.95%

where we integrate over the full Minkowski spacetime R1:3, substituted y* = x* — w* and
used d*x = d%y.
— Canonical EMT conserved: 9,,0%L; = 0 with

d&Lem
0(0,As)

1 v
D" Ay — " Lo 2 FORY Ay 4
4ot 16

OLY = FspF°P  (6.96)

/g

Note that because the gauge field has multiple components A,,, there is now an additional
summation in the first term over these components (marked indices). This follows directly
from a generalization of the proof of Noether’s theorem for fields with multiple components.

Details: © Problemset 7
Problems:
The canonical EMT ©®%; has two problematic properties:

« Because of the term 0¥ Ay, O is gauge-dependent!

This is problematic because it means that we cannot hope to identify physical quantities
like the energy density or the momentum density of the electromagnetic field with (the
components) of this tensor.

« The canonical EMT is non-symmetric: @&y # Oeh!

In GENERAL RELATIVITY, we will find that the right-hand side of the » Einstein field
equations (which determine how spacetime curves and evolves)

1
R;Lv - iRg/w + Ag;w = _KT/LU (6.97)

is given by the » Hilbert energy-momentum tensor

i 8($Matter)
«/g Sg/w

where &parer describes the Lagrangian density of all fields in the universe (except
the metric tensor field). For example, &£ parer contains the Maxwell Lagrangian £,
(“matter” here includes every degree of freedom that has energy & momentum, i.e.,
also electromagnetic radiation).

TH = (6.98)

Note that 7" is symmetric because the metric g, is. Hence it cannot be identified
with the canonical EMT ®#” in general (here for the example of Maxwell theory).

i! These problems are not specific to electrodynamics but typically affect all theories that are
gauge theories and/or include non-scalar fields.

— How to solve these issues?

NICOLAI LANG « INSTITUTE FOR THEORETICAL PHYSICS Il « UNIVERSITY OF STUTTGART

Institute for
i:!oret'cal
] Physics

PAGE

163



SR » RELATIVISTIC FIELD THEORIES I: ELECTRODYNAMICS

6.3.2. The Belinfante-Rosenfeld energy-momentum tensor (BRT)

We consider again first a generic field theory, and specialize to electrodynamics later.

Details: © Problemset 7

n

12

13

Remember (Note 6.1) that the canonical EMT is not the only conserved EMT because

OW = MY + pKPHY  with KPHY = —KHMPY (6.99)
yields another EMT ®*" for any suitable tensor K°*".
— Idea: Find KP*¥ such that @*Y = @ is symmetric (and hopefully gauge-invariant).

Let us assume that our theory is also invariant under homogeneous Lorentz transformations (in
addition to the spacetime translations needed for the conservation of the EMT).

< Generators of homogeneous LTs for coordinates:
1
Eq. (6.78) > 8B xt = 3 (n"‘“x‘3 - nﬂ”x“) ) (6.100)

Assume that fields transform as §*#¢. (Remember: Hereitisa = o8.)

For the following arguments, we do not need to fix whether our fields transform as scalar, vector,
or even - spinor fields.

Eq. (6.84) & Eq. (6.91) & Eq. (6.100) —

Noether currents for homogeneous LTs:

1 1
[1eB 2 5 (@mxxﬂ _ @uﬂxa) + ngﬂ (6.101)
with
0L
# Spin current:  S*P .= 2= 5By (6.102)
e
which satisfies S48 = —srbe,
(This follows because §*# ¢ = —58%¢ as the generators of homogeneous LTs are antisymmetric.)
The continuity equation reads
d, LrP =0, (6.103)

Because homogeneous LTs describe rotations in space and time, the conserved current L**# can
be identified as 1 (canonical) angular momentum current. The first part in Eq. (6.101) corresponds to
the (canonical) orbital angular momentum while the second part S#*# encodes the ntrinsic angular
momentum of the field (= its ¥ spin). This immediately explains why for a scalar field with %2 ¢ = 0,
the spin current vanishes: S**# = 0.

Eq. (6.92) & Eq. (6.103) —

9, SHB = @b _ @b« (6.104)

This means that a non-vanishing divergence in the spin current is responsible for the “non-
symmetry” of the canonical EMT!
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14 | Now define
1
KPHY .= 3 (S’w'o 4 SVHP _ Spv“) (6.105)

— KPHWY = — KHPY (This follows from Stef = —gnbe)

If you wonder where this rather arbitrary looking sum comes from: » Eq. (6.107) below.
With this we can finally define the ...

& Belinfante-Rosenfeld energy-momentum tensor (BRT):

TH = @M + §,KPM 1= @MY — 19, (SHVP 4 SVHP — SPVI) (6.106)

15 | It remains to be shown that 7" is always symmetric:
6.104
T — T °="0 © (6.107)

* You can use this calculation to bootstrap the arbitrary looking definition of K" in Eq. (6.105).
Start from the most general linear combination K°* = o(S*Y° — SPYH) + BSVHP which
satisfies KP*¥ = — K**¥ and determine « and .

e It can be rigorously shown that the BRT is identical to the Hilbert EMT that shows up in
GENERAL RELATIVITY as the source of gravity [82]. This is why the BRT gets its own
symbol TV,

16 The BRT of electrodynamics:

Details: ® Problemset 7

1

6 Frov IV and the transformation of a vector field (= spin-1)

i| Using £em = —
1
8 Ay = 5 (8147 — 8f4%) (6.108)
in Eq. (6.102) yields the spin current:

1
uap o we 4B B g
St = - (F AP — F1P 4 ) (6.109)

i Eq. (6.96) & Eq. (6.106) & Eq. (6.109) —

1
VvV o v 1%
Ty = 4—F“p FPY = Lem (6.110a)
b4
1 wopev . M oo
= Fry FP7 + TF Foo (6.110b)
. & | cnf
= = (6.110c)
cll| X
nv
To show this you have to use the Maxwell equations in vacuum: 9, F’, = 0.
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Components:
: I =0 =
Energy density: & = g(E + B7) (6.111a)
- 1 - -
Momentum density: 1 = E(E x B) (6.111b)
b

1 8 = -
&% Maxwell stress tensor:  Xj; = o |:%(E2 + B?) — E;E; — B; Bji| (6.111¢)
"4

i! Convince yourself that Tdy is symmetric and gauge invariant. Note that we did not construct
it to be gauge invariant, only to be symmetric! We got this as a bonus.

iii | The conservation 9, T*” = 0 of the BRT implies the following physical interpretations:
e V=0

108 -
9, T" = ——— 4+ ¢V-TI =0 6.112
1 c ot te ( )

— ¥ Poynting’s theorem (in vacuum)

08 =
—+V:-5§5=0 6.113
o1 + (6.113)
with
Vv Poynting vector: S =cl= %(E X E) (6.114)
b4

Eq. (6.113) — Poynting vector = Energy current density

This is simply the formal statement of energy conservation for the free electromagnetic
field. As energy is the Noether charge for translations in time, it is of course no coinci-
dence that the Poynting theorem follows from the time-component v = 0.

e YV =1:
oIl;

3MTMi = o7 + 0k Xr; =0 (6.115)

— Conservation of momentum with ...
- II;: i-momentum density
- Xj;: i-momentum current density
— Maxwell stress tensor = Momentum current density

Note that there are three momentum densities and corresponding current densities
because there are three spatial momenta: i = x, y, z.

iv | Some final remarks:

o With the symmetric BRT one can define a gauge-invariant and conserved angular
momentum tensor

MPHY .= TPl XY _ TPV xht (6.116)
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with 9, MP*Y = 0 (show this!). The conserved Noether charges are
1 1
JHY = —/d3x MO = —/d3x (Tol‘x” — Tovx“) (6.117)
¢ ¢

which encodes the total angular momentum of the field. Indeed, for the spatial compo-
nents one finds

Jij = /d3x (Hix]‘ — Hjx,-) . (6.118)

Since II; is the momentum density, the three components J, = J3,, J, = Ji13 and
J; = J»1 can be identified as the total angular momentum J of the field.

o If the electric current j# does 7ot vanish (i.e., the field is not in vacuum), the BRT
derived above is no longer conserved. Rather one finds

1 .
0uTew’ =——F"jp (6.119)

which can be identified as the Lorentz force density. This is perfectly reasonable as an
external (non-dynamic) current j# breaks the translation symmetry of the system in
space and time on which the conservation of the BRT relies. Physically, the electromag-
netic field is no longer a closed system because it can exchange momentum and energy
with the charges described by j#. Only if one describes the charges as dynamic degrees
of freedom (> next section) and considers the total BRT

TR = T + Tharges (6.120)
one would recover the conservation 9, 7"” = 0; this is then a statement about total
energy and momentum conservation, including the energy and momentum of the
charges.
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6.4. Charged point particles in an electromagnetic field

1 <CN charged point particles with charge ¢; and mass m; in an EM field 4,;:

4, @
@
o
o
® qi,mj ®
o
o
o

Eq. (6.56) & Eq. (5.40) — Relativistic action of the complete system:

Sal{xx}]: N particles in static field 4;,

1 1
S[{Xk},A] = /d4x[_167TCFMVFMU _C_zAiLjM] _ZmiC/dsi

Sem[A] Sc[{xx },A4] Sp [x;]
EM field Coupling Particle i
S [A]: EM field with static current j
Note that the Lagrangian is a Lorentz scalar! S[{xy}, A] is short for S{x1,...,xn, A].
with current density
uw w
: 6.18 dx; . dx
S e g =D g E %)
. L S—
! ! Point particle

2 | < Coupling:

Institute for
i:!oret'cal
iPhys cs

(6.121)

(6.122)

Sc[{xi}, A] = —c%/d“x A (x)j*(x) = Z;—%/Au(ct,fci)dx#} (6.123)

i

Se [xi ,A]

dx#
Here we used —~

4-vector field A4, along the trajectory of particle i.
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3 Hamilton’s principle:

8Sem[A] + 8Sc[{xk}, A] _ 8S;[A]

B 5A 5A 5A
Ok A] =0« 8Scli Al 6Splxi]  8Saltxe)] (6124)
\ + = =0
Ox; Sxi dx;

4 | < Gauge field variations 6A4:

Here we don’t have to do anything because we already computed the Euler-Lagrange equations:

8S;[A 6.56 & 6.58 122 4m oL odxt
% L LN W S - Xi:qis(x -5 (6.125)

These are the inhomogeneous Maxwell equations with the N point particles as sources of the EM
field. Note that this PDE system couples the particle coordinates {x)'} to the EM field 4.

5 < Particle trajectory variations 8x;:

i Eqgs. (6.121) and (6.123) —

Sal{xe}] = — Z[ [mic\/fcmfcf“ + %Au(xi)x{’“} dA (6.126)

Note that this action is again reparametrization invariant.

5 Euler-Lagrange equation for particle i:

8Sal{xk}] w=afd rmieiy qi [ ; .y 04y (x)
= — — 14 —x" =0 6.127
8x; dk[ /TDC“] + . p(x) —x Fpm (6.127)
i - Choose proper-time parametrization A = t:
m; + = — - =0 6.128
" dr ¢ dr dx# dr (6:128)
~——
9Ap dxv.
axV dr
Thus we find as the EOM for particle i:
duy, qi (04,  0ALY\
mi—— = — — u 6.129
"dr ¢ \dx*  oxV (6129)
~————
Fuy
Or in the form discussed previously in Chapter 5 (we restore the particle index 7):
dpi’ _ g
d_‘; = ?’F“v (x;)u? (6.130)

"w

with 4-momentum pl“ = mju; .

i! The field strength tensor is evaluated at the position of the particle at a given time.
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i~ Compare Egs. (5.5) and (6.130) — 4-force:

(6.131)

— 3-force (we restore the particle index i ):

13,- =q; Ei + ﬁ(ﬁ,— X §,~) v Lorentz force (6.132)
¢

with E; = E(x;), B; = B(x;) and v; = %
 This result demonstrates that our concept of the relativistic 3-force introduced in

Egq. (5.10) was reasonable: for a force due to an electromagnetic field, it exactly matches
the Lorentz force.

* It also demonstrates that the common expression for the Lorentz force is already fully
relativistic. However, note that the 3-force determines the change rate of the relativistic
3-momentum p = y,m¥v, recall Eq. (5.15).

6 | Comments:

e Egs. (6.125) and (6.130) together are the equations of motion of the composite system,
i.e., the EM field and the N particles. Note that the system of differential equations is
coupled: The dynamical positions of the particles determine the evolution of the EM field via
Eq. (6.125), and the dynamical EM field determines the trajectories of the charged particles
via Eq. (6.130).

o This model of N charged particles interacting with and via an electromagnetic field is the
culmination of our discussion of relativistic mechanics in Chapter 5 and electrodynamics in
Chapter 6.

» The theory Egs. (6.125) and (6.130) is fully relativistic as the EOMs are manifestly Lorentz
covariant (they are tensor equations).

 Note that this model describes interactions between the N particles not directly via forces
(as one would in Newtonian mechanics), but via coupling to the dynamic EM field. Thus a
particle can locally affect the EM field due to its motion, the EM field then can propagate
with the speed of light through space and affect the trajectory of any other particle within
the lightcone of the first. There is no instantaneous interaction between the particles!

» One can also consider the s = 0 component of Eq. (6.130). Then one finds with p = E; /c:

de; . -
& =q; E;i-v;. (6.133)
This is just the statement that the change of energy for particle 7 is given by the distance
it travels collinear with the electric field per time. This is no surprise: The Lorentz force
Eq. (6.132) tells us that the force due to the magnetic field is always perpendicular to the
direction of motion and therefore cannot perform work on the particle.

7 | Corollary: Single particle in a static electromagnetic field:

i | The action follows from Eq. (6.126) with N = 1 as:

Salx] = / AAL(xH, ¥M) = — / [mc,/)'cu)'c“ + %Au(x,-)x“]dk (6.134)

where A, is a fixed parameter (the static field configuration).
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ii | <¢ Parametrization in coordinate time A = ¢:
- 2 v ooq < -
L(x,v) =—-mc"\[1-—+-A-v—qy (6.135)
¢ c
with A, = (¢, —A) (covariant!) and ¥ = 7.
ii | Canonical momentum:
N L N >
= — =myv zA (6.136)
v c
with mechanical momentum p = my,v —
.. 4
p=a——A (6.137)
¢
P: Measurable momentum
— Mechanical momentum j gauge-invariant
— Canonical momentum 7 7ot gauge-invariant
iv | Hamiltonian:
Mechanical energy
2 2
Lo . me . =
H=7-1—-L=Z% —— +q<p5=zsc\/<n—gA) +m2c? + g (6.138)
2 ¢
B
—_———
E
so that
E=H—qop (6.139)
E is gauge invariant — H is not gauge invariant
v | Summary:
E=H-—qp E+qp=H
Gaugeinvariant { . _ ¢ - ¢ _ g - _ ¢ Gaugedependent (6.140)
p=mn—-A p+-A=nx
c c
For more details on the aspect of the gauge-(in)variance of certain quantities, see Ref. [83].
Note that these subtleties are not specific to a relativistic treatment, they already appear in
Newtonian mechanics (only the specific dependency of the Hamiltonian on the mechani-
cal/canonical momentum and the functional form of the Lagrangian are relativistic).
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6.5. Summary: The many faces of Maxwell’s equations

Here is a compact overview of the many (physically equivalent) forms of Maxwell’s equations that we

encountered in this chapter:

Not manifest Lor

entz covariant

Manifest Lorentz covariant

6.10
Magnetic Gauss H1 : V-B=0
= > Y
Maxwell-Faraday H2: V X E + -0;B =0 WF =0
~ E v o
Electric Gauss I1: V-E =4np oy FHY = —7]
=Y
i Ampere 12: VxB—%BtE:“T”] Use
w
2 H=H1 + H2 F = 3 Fuydxndx”
N
= I=1I1+12 Introduce
= s Gauge fields: H: dF =0
8 €c---moo--
£ Check consistency E=-Vg— 73 A 1: xd(xF)=J
§ Derivation B=vxi Use S0
F,u,Nv =auAv_avAu ® Use F =dA
Fiuv = Lenvab Fp andd? = 0
2
= 6.14 . . -
= I Voo + 2 0¢(V = —4x
& 9+ g ) 3 [ 1: xd(xdA) =J
S 2 127
o - - '
£ —V(V A—|—%81¢ =—4T”] !
z v
A
————————— »[ I 2AF — 9" (94) =
Fix the 3
¢ Lorenz gauge: . Identify ! Introduce
L0o+V-A4=0 ' i :
z0rp + ! (Dual) Field strength tensor:
4-current: _ ! F 9 A —0,A, ®
J* = (cp, ) ' Mvuu_ Ml ‘:chzﬂv H
s I —
6.16 . 28 Fag
\4

IS

I (628 Vz) =4z

4-potential:
CP} A* = (p, 4) [
@ i

92 AM =
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7. Relativistic Field Theories I1: Relativistic
Quantum Mechanics

Reminder

1| The Vv Schrodinger equation (SE)
ihd (e, %) = Hy (1, %) (7.1)

is a linear field equation with ¥ Hamilton operator

R 1-7'2 hz
H="—+4+VX =—-——A+V(X) (7.2)
2m 2m

and the complex-valued field ¥ : R'3 — C.

It describes the time evolution of a single quantum particle with mass m in a potential V(X) that is
initially described by the wavefunction v (X) = ¥ (0, X) atr = 0.

2 | The wavefunction has the interpretation
[ (t, X)|> = (Probability to find particle at time 7 at position X) (7.3)

which necessitates the normalization condition
Voo WOlk= [ lwenP =1, (7.4

Thus the wavefunction is an element of the Hilbert space € L? = L?(R?, C) of square-
integrable functions.

The Hermiticity H = H of the Hamiltonian implies a unitary time evolution and thereby
guarantees a conserved norm:

Tl = [ & [wraw a2 o [ e [yran—vain] 2o, o9

where we used that for ¥, ¢ € L? and a Hermitian Hamiltonian

/ Seo*(Hy) € (9|Ay) € (AT ply) € / & (A gyry T / Sy (Hp)*. (76

3 | Problem: The SE is Galilei covariant but 7ot Lorentz covariant! (recall © Problemset 1)

o The SE is of first order in time but of second order in the spatial derivatives. This asymmetry
already suggests that the equation cannot be Lorentz covariant: Time is treated differently
than space in (non-relativistic) quantum mechanics.

» We would like quantum mechanics to be described by a Lorentz covariant equation because
we subscribed to « Einstein’s principle of special relativity [SR| at the beginning of this course:
All laws of physics must take the same form in all inertial systems (which are related by
Lorentz transformations). This certainly includes quantum mechanics.
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