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5.3. Action principle and conserved quantities

In this section we study a more formal (and more versatile) approach to describe the dynamics of relativistic
systems, namely in terms of the Lagrangian and the action. We do this for the free particle (no force!) and

consider electromagnetic forces in the next chapter (Chapter 6).

1

Action of free massive particle:

< Trajectory y parametrized by
xt = xH(A) with A € [Ag, Ap] and x#(A4) = a*, x*(Ap) = b*

Remember the characteristic property of the trajectory of a free particle (Section 2.4):
The proper time (= Minkowski distance) is maximized along the trajectory!

Ap
— Action: S[y] := oc/ ds = a/ V1w XHXY dA (5.40)
14 Aa

dx*
dA -

The prefactor « is undetermined so far (> next step).

with x# =

i! The parameter A has no physical interpretation in this formulation as this action is reparametriza-

tion invariant (> Section 5.4).

Correspondence principle — o = —mc

To determine the parameter «, consider the non-relativistic limit of the Lagrangian in coor-
dinate time parametrization A = ¢:

2
- / 5 2 Bl v
L=ayc?—XxX?=qacy/l-% —— L~ac—— (5.41)
c? 2¢
——
éémvz

The non-relativistic limit yields - up to a constant that doesn’t change the equations of
motion - the Lagrangian with Newtonian kinetic energy if we set « = —mic.

Lagrangian:

L(x*, %) = —me /X xY = —mce /X, xH (5.42)

o ;! This Lagrangian is only valid for massive particles.

o The Lagrangian Eq. (5.42) is fully specified as is; there is no need to fix a specific
parametrization. In this form, the Lagrangian [more precisely: the action Eq. (5.40)]
has a gauge symmetry: the parametrization A is arbitrary (> Section 5.4).

 On the contrary, if you fix a parametrization (= fix a gauge), e.g., by identifying A with
the coordinate time A = ¢ = x°/c (“static gauge”) or the proper time A = 7 (“proper
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time gauge”), you obtain different (but physically equivalent) Lagrangians which no
longer have a gauge symmetry:

A=t & cA=x" = i,(}?,);c) =—mc2y\/1— );cz/cz, (5.43a)

! | ~
A=1 & My, = 2 = L.(x* ") =—-mc?. (5.43b)

We denote gauge-fixed Lagrangians by L and the gauge-invariant Lagrangian Eq. (5.42)
by L. In the following we often work with the latter and choose specific parametrizations
at the end of our calculations to express results in known quantities.

2 | Euler-Lagrange equations:

| d JL oL d —mcxs
5s L0 e T N e
A 957 gxo A i 649
=0

These are 4 differential equations (o = 0, 1,2, 3)!

— Equations of motion in the “proper time gauge” A = t [where X, X" = u? = ¢?]:

dut  dp*
m? = ? =0 (5.45)

This is Eq. (5.5) for vanishing 4-force ©

3| < Action in “static gauge” A =1 = x%/c:

0

A=x7 S = . - 2 ' 22
S0 SOl [ L ha=-me [Ti-Ba | s
ta a

i Canonical momenta (v = X):

81:; _ m?}
w

p= : (5.47)
-5

This is the expression for the relativistic 3-momentum Eq. (5.2) we found before, now derived
as the canonical momentum of a Lagrangian.
i = Hamiltonian:

2
~ v - = . mc . [~
Ht—p.v—L,:—z_—chS_—zsc p? + m2c2 (5.48)

v
-z

This is just the relativistic energy Eq. (5.23) we found before, now derived from a Lagrangian.

o < Non-relativistic limit:

52
p2  ho<mc? 2
iad 2
H, =mc?|1 + # "X me? + 5—m (5.49)
Rest ~——

energy  Newtonian
inetic
energy
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* ;! Contrary to the action Eq. (5.46), this Hamiltonian also makes sense for massless
particles:

~ m=0

H, =" |p|c (5.50)

4 | Noether’s (first) theorem:

Details: © Problemset 6
x* cyclic — Spacetime translations x* + §&** are continuous symmetries of S

These transformations correspond to the inhomogeneous part of Poincaré transformations: x* =
x® + a*. Every relativistic theory must have this symmetry; for field theories one then obtains
four conserved currents: > Energy momentum tensor.

Vv Noether’s theorem — ¥ Conserved Noether charges Q ,: (set A = 1 as the coordinate time)

Time translation = Energy E/c
Ou = (5.51)

Space translations = Momentum p

aL ' 1me
mcx _R2
=—— = ad = ‘v ﬁ = Pu (5.52)
oxM C2 _ 52 —__mv
1-B2

» Because x* are cyclic coordinates, we can obtain the Noether charges directly from the
Lagrangian as &—LM; the additional minus is conventional to connect to our definition of the
4-momentum.

o ;! This shows that our definition of the 4-momentum is consistent, and the identification of
its time-component p° as the total energy was correct: By definition, energy is the Noether
charge that corresponds to translation invariance in #me. Similarly, momentum is the charge
for translation invariance in space.

Noether charges for homogeneous Lorentz transformations?

Any relativistic theory is also invariant under (proper orthochronous) Lorentz transformations,
x#* = A", xV; for these there must exist additional conserved Noether charges:

Infinitesimal Lorentz transformations x* + 8&", x" are continuous symmetries of S

The infinitesimal transformation is antisymmetric: §&*, = —8e,”*, © Problemset 5.

o
— Conserved Noether charges:

v

& Angular momentum (tensor): LMY = xMp¥ — xV pt (5.53)

This is an example of an antisymmetric (2, 0) Lorentz tensor.

Proof: ® Problemset 6

i| <t Spatial components:
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LB = x2p3 _3p2 =
L3 =x3pl —x'p3 =1, with 3-angular momentum [ =3 x p.  (5.54)
L2 = x1p2_2pl =y
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— 3-angular momentum / is not (part of a) Lorentz vector but of a (2, 0) tensor!

It is not surprising that invariance under spatial rotations SO(3) C O(1, 3) implies angular
momentum conservation.

< Mixed components:

L0 = xlyvmc — ctp1 =cnq
120 = xzyvmc — ctp2 =cny (5.55)

L3 = x3yvmc - ctp3 =cns3

with & dynamic mass moment

=y (7 15) = 5% 1 = const. 559

This is the relativistic version of the ¥ center-of-mass theorem.

The center of mass (COM) is now the center of energy (COE). Since 7i (and E) is conserved,
we cansett = Otofind7i = E/c?Xg, which is the initial center of energy of the system
(times E/c?).

For many particles this is slightly less trivial: One finds analogously the conserved quantity
N—Zﬁ-—z &)?—t*- = const (5.57)
e A A A pi)= ’ ’
1 1

Division by the total (also conserved) energy E = ) ; E; yields

-

Xcor(t) LiEi%i _ P + const = tVeog + const (5.58)
COE = =10—— const = COE cons .
Zi E; E

with the total 3-momentum P = ), p;. Thus the & center of energy Xcor moves in a straight
line with constant velocity Vcog. Note that the center of energy becomes the Newtonian
center of mass in the non-relativistic limit where E; ~ E; o = m;c?.

6 <t Multiple particles (covariantly coupled by fields):

The above arguments can be directly generalized to many (non-interacting) particles. This im-
mediately yields the sum of the 4-momenta of these particles as conserved quantity. Interactions
between the particles must be covariantly mediated by fields - which also carry 4-momentum
(= Chapter 6):

with

Conserved Noether charge:

& Total 4-momentum: PH .= Z pl“ + plffields (5.59)

1

pl“ the 4-momentum of particle 7, and

.« Dk «1ds the total 4-momentum of the fields mediating the interactions.

7 < Scattering process:
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M 2
Pout,2 DPout,3

"
pout,l

nw
pout,4

Complicated
Interactions

M

o
pin,l

"
pin,2

pin,3

Long before and after the interactions play a role we can approximate the system by non-interacting
particles and set p{jiel s =0—

no_ i
Z Pini = Z Pout, (5.60)
i j

— Conservation of energy (u = 0) and momentum (u = 1,2, 3)

e In RELATIVITY, conservation of total energy and total momentum is combined into the
conservation of 4-momentum.

o We will denote the 4-momenta of massive particles (solid lines) with p* and the 4-momenta
of massless particles with ¢* (wiggly lines).

Examples:

i = Particle decay: < Radioactive Nucleus — Nucleus 1 & Nucleus 2

— Energy-momentum conservation:

ry Py
woo= pht 4 pkt 5.61 \ /
)4 P1 P> (5.61) :

N —
] p/L
2

in out
- - - °
< Center-of-mass frame where p = p; + p» =0—
me” = m16'2 + Eging + m202 + Ekin,2 (5.62)

— Decay only possible if

m>my + my (5.63)
If Exing # 0or Eyinp # 0,itism # my + my.
— The rest mass of composite objects is #not additive.

Composite objects also contain binding energy (potential energy) which contributes to the
rest mass of the object.

o
o

Eying = (5.64)
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In the COM frame, the kinetic energy of the two decay products is constant and depends
only on the masses of the particles. So if you find a non-trivial energy distribution for the
products of a decay process, there must be at least three particles produced (of which you
might not be able to detect all). This is how the neutrino was predicted by Pauli from the
decay of the neutron: n — p + e~ + V.

Particle creation:

Note that a single massless (light-like) particle (like a photon) cannot decay into two massive
(time-like) particles because (p1 + p2)? = ¢* = 0 cannot be solved if p? = m?¢? > 0.

Indeed (we set ¢ = 1): With the ¥ Cauchy-Schwarz inequality we find

nnm2+ﬁljﬁf§Jm%+ﬁ%¢m§+ﬁ§=zﬁp3 (5.659)
= 0<mimy =< p1-p> (5.65b)

so that for arbitrary m; and m, (particle creation: g* = pi" + p5)
(p1+ p2)> =m3+m3+2p;-py >0 = Time-like (5.66)
Furthermore, for m; = m; (scattering: p}" — p5 = g"):

(pr— p2)> =mi +m3—2p1-p2 (5.67a)

= # .
<m?+m?—2mm, "="0 LAREEN Space-like (5.67b)

(For the Cauchy-Schwarz inequality, equality holds iff the two vectors are linearly dependent;
for mq = m, this is only possible if p; = p», i.e., in the trivial case of no scattering.)

Eq. (5.66) shows that two particles (of arbitrary masses) can never annihilate into a single
photon, and, vice versa, a single photon can never create a pair of massive particles. This is
reason why we need an additional (heavy) nucleus for the creation of a particle & antiparticle
pair from a photon.

By contrast, Eq. (5.67) tells us that a single massive particle cannot emit or absorb a single
photon if it cannot change its mass (i.e., has no different energy states). This is true for free
elementary particles like electrons (an electron cannot be excited, it always has the same
mass). Thus a free electron cannot emit a single photon. If the massive particle in question
has different internal energy states (and therefore the two masses 71 and m, can be different),
this argument does not hold. This is why atoms can spontaneously emit or absorb single
photons.

< Photon (+Nucleus) — Electron & Positron (+Nucleus)

— Energy-momentum conservation: B
n woow = w oy Py
Py =q" + p" = py + py + " = Pou \ / ’
in out C:J\)
(5.68)
t q"

With the mass M of the nucleus and the momentum/energy |¢| = E, /c of the incoming
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NICOLAI LANG -

photon, we find

2 2 2
E, + Mc? E 1 Enue + Ee— + E_+
(—V - ) _ (_C”) =P2 =P = ( X Ce € ) (5.69)

Rest frame of nucleus COM frame of system

where the right hand side was evaluated in the COM frame with ﬁout = 0 and the left hand

side in the rest frame of the nucleus (Which is allowed since P> = P* P, is a Lorentz scalar).

Please appreciate the subtlety of this evaluation: The 4-momentum conservation Eq. (5.68)
is Lorentz covariant. Therefore you cannor evaluate the left hand side P in one inertial
system and the right hand side PJ; in another. However, in any inertial system Eq. (5.68)
implies P2 = P2

e Where left and right hand side are now Lorentz invariant; hence you can

evaluate the two sides in different inertial systems.

> Threshold for particle creation:
2.2 Me 2
Ey,min = Zmec (1 —+ ﬁ) > 2mec (5.70)

The threshold follows for vanishing kinetic energy of the products in the COM frame.

The threshold energy is larger than twice the rest energy of the electron 2m,c? (the positron
has the same mass as the electron) because the scattering products necessarily acquire kinetic
energy in the initial rest frame of the nucleus (to carry the momentum of the photon).

Annihilation: < Electron & Positron — Photon & Photon
— Energy-momentum conservation: p n
1
Pr“:pl +p2 ={q; +q“’—P£ﬁt (5.71) 2 §(
N—— SN——
in out

< COM frame:

w_ (Ee/c Ep+/c\ _ 4l 9]
() () () e o

Using that electron and positron have the same mass 1., we find for the energy of the emitted

E, = ¢4/ p? + m3c? (5.73)

photons:

Note that the individual rest masses of particles in scattering processes are not conserved:

p? = p3 = m%c? > 0 for the incoming electron and the positron, but g7 = g3 = 0 for

the outgoing photons. The rest mass of the composite system remains the same, though. In
particular, the two photons together have the same rest mass as the electron-positron system
before: P2, = P2 = 4(p? + m2c?) > 0.

out

— The rest masses of individual particles are not conserved.
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iv. Compton scattering: < Electron & Photon — Electron & Photon

Details: © Problemset 6
Compton scattering is an example of V elastic scattering where the total kinetic energy is

conserved and the rest energies of in- and outgoing particles remains the same.

— Energy-momentum conservation:

Py "
at + pi =gy + pk (5.74) §
—— ——

in out Q
Y / é 9

E1Ez/c*(1—cosb) = q1-q2 = p-(q1 — q2) = mec(Er/c — Ex/c) (575
Rest frame of e~ Lorentz invariant Rest frame of e~

1 1 1
5 L = e (1 —cos?) (5.75b)

With g7 = ¢3 = 0and p7 = p3 = mZc? one finds:

Here the left and right hand sides are evaluated in the rest frame of the electron: p}" =
(mec,0)7T; 0 is the angle between incoming and outgoing photon (scattering angle):

q

Y @
T -

P2

With the photon energy E; = hc/A; we find the change in wavelength due to scattering:

AL =Xy — A1 = (1 —cos6) (5.76)
MeC
~——

Ae
with & Compton wavelength A, of the electron.

o With Compton scattering one can measure the Compton wavelength of the electron
and thereby determine the Planck constant /.

e Because the Compton wavelength is the natural length scale associated to a massive
quantum particle, it appears in many field equations of relativistic quantum mechanics
(Klein-Gordon equation, Dirac equation, ...).
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5.4. I Reparametrization invariance

The action of the free relativistic particle Eq. (5.40) has the peculiar property of “reparametrization
invariance”, a feature that plays an important role in GENERAL RELATIVITY, and is also crucial for the
quantization of the relativistic string in string theory (* Nambu-Goto action).

1 < Trajectory y parametrized by x*(A) for A € [A4, Ap].
< Diffeomorphism ¢ : [A4, Ap] — [Aa, Ap] With A,/ = @(A4/5) and write X =o).

Diffeomorphism = Bijective map where both the map and its inverse are continuously differentiable.

— Define new trajectory y via ) = x“(go_l(i)) = x*(A) with X € [Aq. Ap).

Xt ()1) is a reparametrization of x* (1): X* and x* are different functions on [A,, Ap] that parametrize
the same trajectory in spacetime R!:3.

— Action of new trajectory:

A
S % —me A ab VELQ)FR () dA (5.77)

Rename the dummy variable: A — A

Ap T -
— e A a Vi Qind) di (5.77b)

Use $#(1) = x*(1) and the chain rule
Ao dA dr -
= —mc X A,—.,MA—..CIA, 5.77
[M\/M()d)L W 5779
Substitution in the integral: =00

Ap
— me /A a S () da (5.77d)

&g [v] (5.77¢)

— § is invariant under diffeomorphisms on parameter space.
— &% Reparametrization invariance (RI)

2 | Infinitesimal generators:

i | Consider infinitesimal deformations (1) of the parametrization (i.e., |e(1)| < 1 forall 1):

)

oA =12 +eld) (5.78)
With this we find:

) EFR) = 40+ s(V) = FAA) + e FE M) + O(2) (579

ii | The infinitesimal variation of the trajectory is:

Sext = X*(A) — x*(A) (5.80a)
= —g(L)d;x" (L) + O(&?) (5.80b)
= Gex" + O(&?) (5.800)
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Note that we can replace ¥ by x* in linear order of ¢.

— #& Generators of one-dimensional diffeomorphisms:

G¢ = —&(A)0, for arbitrary (infinitesimal) e(1). (5.81)

We can expand &(A) into a Taylor series £(1) = )_, 41" to write
&n
Ge = E (—A"9,) E G 5.82
e : n. )L n- (5.82)

— Basis of generators that generate infinitesimal reparametrizations is given by

G, = —A"9, forn € Ny. (5.83)

— RI = Infinite-dimensional continuous symmetry group

Note that in particular (1) can be chosen such that it is non-zero only for a compact subin-
terval of [A4, Ap], i.e., reparametrization invariance is a /oca/ symmetry (local in parameter
space).

— Rl is a gauge symmetry

3 Conserved quantities:

You know from your course on classical mechanics that Noether’s theorem assigns a conserved
quantity to each continuous symmetry of an action. What are these quantities for the infinitely
many symmetry transformations G, associated to RI?

NICOLAI LANG -

< Variation of the Lagrangian L = —mc /X, X" under G,:

aL
axH
Use S5t 1= XM — %H = 9, (8,xM):
5.80 _% 0; [—e(V)i#] (5.84b)
o
_ % [£.E001" + X80 5] (5.840)
XgX
=mc /X xPE(A) + mee(A)0) /X xH (5.84d)
d —
=0 [mcs(k)\/xuxﬂ] =

=:K:(A,x4)

86L == SE.X.-M (5.843)

(5.84e)

— 8¢ L is a total derivative — G is a continuous symmetry of .S

Note that in Eq. (5.77) we assumed A,,5 = ¢(A4/) Which correspondsto e(A,/5) =0 =
K¢ (Aasp, X*) such that the boundary terms vanish and the action is completely invariant.

v Noether’s (first) theorem —

For each continuous symmetry §.x* = G.x* there is a conserved Noether charge:

* L e XHx
Q. = 8€x”“aa—u - K, >4 e(A)mc \/x_; —e(A)me/x xH =0 (5.85)
O'
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— The Noether charge corresponding to G, vanishes identically!

“Vanishing identically” means that Q. (1, x*, x*) = 0 for a/l functions x* (1), and not just
those that satisfy the equations of motion.

» Naively, we expected infinitely many conserved quantities from the infinitely many symmetry

generators G,. We found them, but quite surprisingly, they turned out to be trivially zero.

This is a general feature of local or gauge symmetries; here we use the reparametrization
invariance of the relativistic free particle only as an example.

 So while the conserved charges of local symmetries are trivial, such symmetries have other
non-trivial implications: they enforce constraints on the equations of motion, so that they are
no longer independent. Mathematically, this is described by ™ MVoether’s second theorem.

4 | We can illustrate the implications of Noether’s second theorem for the relativistic free particle:

i | The Lagrangian

L = —mc/x,xH (5.86)

leads to the conjugate momenta

oL mcxy
pg == n - — (587)

0x° NEEL

which satisfy the identity

p*>=p'pu=m>c? (5.88)

o Eq. (5.88) is an identity, i.e., it holds for arbitrary trajectories x*(1). In particular,
x*™ (L) does not need to satisfy the equations of motion for Eq. (5.88) to be valid. In
Hamiltonian mechanics, such constraints are called  primary constraints. So our four
canonical momenta p# are not independent!

» Eg. (5.88) is equivalent to:

dp? . dp* .
o 0 <« (d_k) Pu=0 (5.89)

i | <t Euler-Lagrange equations:

d oL oL _ d L _ dpy

AR T T T ra (590)

— Four differential equations (¢ = 0, 1, 2, 3) for four undetermined functions x* ().

However: Eq. (5.90) not independent:

d 8L dp” 5.89
w_- " =
P ~ g =0 (59D

o Eq. (5.91) is again an identity, i.e., valid for a// functions x*, and not only those that
satisfy the equations of motion.
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» Asa consequence, the system of equations of motion Eq. (5.90) effectively loses one of
the four equations, and is therefore underdetermined.

Put differently, if you specify a spacetime position x*(A = 0) and its first deriva-
tive X" (A = 0) (note that the Euler-Lagrange equations are second-order differential
equations), the equations of motion do 7ot determine a unique solution x*(A). Math-
ematically speaking, the initial value problem is ill-posed. This is the characteristic
property of a gauge theory.

» This makes sense in the light of reparametrization invariance: If x*(1) solves the
equations of motion, you can construct a new solution X* (1) = x*(¢(1)) where ¢ is
some diffeomorphism that is the identity except for a compact subinterval somewhere
in the interior of [A,, Ap]. In particular, ¥#(1) = x*(A) in the neighborhood of A,,
such that the two solutions cannot be distinguished by their initial value and derivative.
Note how important the locality of the symmetry is for this argument to hold!

e This is a special case of ™ Noether’s second theorem [79,80].
ii | The fact that our theory is a gauge theory has another, at first glance surprising, consequence:

mex, xt
H=pyxt —L=——E 4 me /5,54 =0 (5.92)

Xy xt

— The (canonical) Hamiltonian vanishes identically

e ;! This does 7ot mean that there is no time-evolution in our system. The Hamiltonian
Eq. (5.92) describes the “parameter evolution” in A - which, as we have seen, can be
modified arbitrarily by gauge transformations; A has therefore no physical significance.

This phenomenon will become important for the interpretation of the Einstein field
equations in GENERAL RELATIVITY.

« If one fixes a gauge, the Hamiltonian that describes evolution in this parameter is non-
zero in general. E.g., for the “static gauge” A = ¢ = x°/c one finds the Hamiltonian
Eq. (5.48) which coincides with the relativistic energy of the particle.
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6. Relativistic Field Theories I:
Electrodynamics

6.1. A primer on classical field theories

We start with a general discussion of classical field theories on Minkowski space; Maxwell’s electrody-

namics is the prime example of such theories (= next section).

Details: Chapter 1 of my QFT script [21]

6.1.1. Remember: Classical mechanics of “points”

With “points” we mean a discrete set of degrees of freedom.
1 <t Degrees of freedom ¢; labeled by i = 1,..., N

2 | Lagrangian L({qi},{qi},.t) =T -V

We write ¢ for {g;} = {q1...., gn}- T is the kinetic, V the potential energy.
3| Action S[g] = [dt L(q(t).q(t).t) €R

This is a functional of trajectories ¢ = q(¢).

4 | Hamilton’s principle of least action:

85[q]

P Ly o 5S=/dr5Léo (6.1)
8q

§ denotes functional derivatives/variations.

5 Euler-Lagrange equations (i = 1,..., N):

————=0 (6.2)

6.1.2. Analogous: Lagrangian Field Theory

Now we consider a continuous set of degrees of freedom:

6 | <t One or more fields ¢ (x) on spacetime x € R!:> with derivatives d,¢(x)
If there are multiple fields we label them by indices: ¢ (x).
In the following we suppress these indices for the sake of simplicity.

i! Here ¢ does not necessarily denote a ¢ scalar but an arbitrary field (component).

7 Lagrangian density £ (¢, 09, x)
Most general form: &£ ({¢x}, {0,.¢x }, {x*}). (No explicit x*-dependence in the following!)

— Lagrangian L = fspace d3x £(¢,09)
(We omit the “density” in the following.)
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