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0. Setting the Stage

0.1. Terminology

The most important terms in this course and their German correspondence:

RELATIVITY = Relativittstheorie
SPECIAL RELATIVITY = Spegielle Relativititstheorie (SRT)
GENERAL RELATIVITY = Allgemeine Relativititstheorie (ART)

Relation of the theories:
GENERAL RELATIVITY
RELATIVITY l Flat spacetime

SPECIAL RELATIVITY

0.2. Motivation

RELATIVITY is arguably the most popular of scientific theories, for it speaks about an entity of every day
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experience: space and time. This popularity comes with a caveat:

mx
A5 3
ﬂ!ﬁ%ﬁ

o

K.
Eiﬁﬁ*

Ehtak. G
B e

-

The “Mona Lisa perspective” The “Puzzle Perspective”

The popular status of RELATIVITY in physics parallels RELATIVITY is interesting because it describes some, but
that of the Mona Lisa in arts: Einstein’s magnum opus  #oz all facets of reality. Its incompatibility with quantum

inherits an aura of perfection and finality. mechanics hints at a reality even stranger than its pieces.

i! You should 7ot view RELATIVITY as the “Mona Lisa of physics” but as the harbinger of quantum
gravity! that, most likely, will come with a reformulation of reality so profound that the “strangeness” of
quantum mechanics and RELATIVITY alike will pale in comparison (> Excursions).

1T use the term “quantum gravity” here very loosely and essentially synonymous with “theory of everything”.
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0.3. Ontology

1| The # ontology of physics is the collection of “things that exist” (s entities):

Ontology = { Leptons, Hadrons, Higgs, Gauge bosons }

Matter: Atoms ... Interactions: Photons ...

Standard Model of Particle Physics

2 Physical theories are models that describe how these entities behave.

Examples:

Classical mechanics describes the dynamics of matter on macroscopic scales.
Quantum mechanics describes the dynamics of matter on microscopic scales.
Electrodynamics describes the dynamics of electromagnetic fields on macroscopic scales.

Note that these can be effective (approximate) descriptions that are restricted to finite scales of
validity (length, energy, time).

3 What is RELATIVITY a theory of ?

i | <t'Two notions of space and time:
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&% Relational space & time & Newtonian space & time

ii | <t Delete all entities from the world:

[e— then

Time

here

l

Nothing! Newtonian space & time left!

Space

Question: Which notion describes reality?
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< Newton’s bucket:
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no relative motion relative motion no relative motion
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Question: Rotation with respect to what determines the shape of the water surface?

Tentative answer: Rotation with respect to Newtonian space!

i! Today, Newtonian space & time (sometimes called neo-Newtonian or Galilean spacetime)
is not seen as a preferred (“absolute”) coordinate system, with respect to which absolute
positions, times and velocities can be measured; it is the entity that is responsible for the
absolute notion of acceleration in Newtonian physics (which is also present in RELATIVITY).

It is “the thing” that determines the reference frames that are inertial [6].

— Space & time (Spacetime) is an independent “thing that exists.”

o The correct answer to the bucket experiment in RELATIVITY will be: The rotation

with respect to the local inertial frame—which is determined by the local gravitational
field—determines the shape of the water surface. This field is determined by the large-
scale distribution of mass and energy in the universe, i.e., the fixed stars; the (rotating)
mass of the earth has a non-zero but tiny effect as well (> Frame dragging).

What does it mean for an entity “to exist?” DAvID DEUTSCH proposes a simple test
[17]: if you “kick” something and it “kicks back,” it exists! Here “kicking back” means
that there is an autonomous reaction by the entity when you “kick” it. In Newtonian
mechanics and in SPECIAL RELATIVITY, spacetime is a static background that does
not kick back as it has no dynamics (the difference between the two spacetimes is merely
their symmetry). But both are just approximations of GENERAL RELATIVITY- and in
GENERAL RELATIVITY spacetime does kick back! When you wiggle a large mass (like
a black hole), the spacetime in its vicinity wobbles, and this wobbling affects everything
around it, including your motion! In GENERAL RELATIVITY, spacetime has its own
independent dynamics, hence it existst.

4 | Thus we should extend our ontology:

Extended Ontology = { Leptons, Hadrons, Gauge bosons, Higgs, Spacetime }

Standard Model of Particle Physics RELATIVITY

IR Energyscale UV
Core Theory Theory of Everything (?)

The s& Core Theory [18] (> below) is an effective (quantum) field theory that encompasses the
standard model and RELATIVITY. It describes all entities know to us o# our scales—but is expected
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to fail on the Planck scale (in the “UV limit”). The theory that the Core Theory renormalized to
in this UV limit is the famous “Theory of Everything.” This is uncharted territory and we do not
know what this theory looks like.

The extended ontology above is known as # substantivalism in the philosophy of science, see
Ref. [19] for a review and Ref. [20] for a supportive account of this ontology. Opposing substan-
tivalism is & relationalism, which defends the view that spacetime is not an independent entity
but an emergent description of relations between entitites (- The Hole Argument). Relationalism
is exemplified by ™ Mach’s principle, which has been historically influential in the development
of GENERAL RELATIVITY (though Einstein later changed his views). In the light of non-trivial
solutions (of the Einstein field equations) for “empty” universes in GENERAL RELATIVITY, and
the (now experimentally confirmed) existence of gravitational waves, I take a substantivalist stance
in this course.

5 | This extended ontology allows us to answers the question:

RELATIVITY is the theory of spacetime (on macroscopic scales),

just as electrodynamics is the theory of the electromagnetic field.

i! Despite these conceptual similarities, there is a fundamental difference between RELATIVITY
and electrodynamics (= below): Whereas electrodynamics describes the dynamics of the electro-
magnetic field on spacetime, the gravitational field of RELATIVITY does ot evolve on spacetime;
it 75 spacetime!

0.4. § The Core Theory

The & Core Theory S is the # effective field theory that describes all entities on the energy scales relevant
for our everyday life [18]. As typical for a field theory, it is best expressed as a * path integral:

A, = f Dg DG DY D exp (%S*[g,G,w,qb]).

Momentum  Gravitational field ~ Gauge fields ~ Fermion fields Higgs field

cutoff (Metric) (Photons...)  (Electrons...)  (Higgs boson) Action

What makes this an ¢ffectzve theory is the momentum cutoff A: The theory describes the dynamics of the
fields only up to some finite momentum/energy cutoff A. In Ref. [18] it is argued that A ~ 10! eV isa
reasonable cutoff; since this is well below the Planck scale of 1028 €V, A, does not describe the physics
on these energy scales (e.g., what happens in black holes or near the Big Bang is 7ot encoded in A.). This
reflects the lack of a consistent theory of quantum gravity.

The action S, splits into two parts (plus one additional, technical term that we can savely ignore here):
S*[gs G, v, ¢] = SEH[g] + SSM[gs G, v, ¢] .

The first part is the famous # Einstein-Hilbert action and describes the gravitational field g:
3

c
167G

Senle] = / d* JZR(g).
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Here, G in the denominator denotes the gravitational constant (not to be confused with the gauge fields
G above). We will encounter this action in the second part of this course as it encodes the (source-free)
& Einstein field equations; there you will learn what R(g) is.

The second part is the action of the ## standard model of particle physics (coupled to gravity via g) and
describes all the stuff in our world (matter and interactions) except gravity:

- 1 . .
Soulg. G191 = [ d Vg [iww — 2 G*+ DY — V() + (Vi¥ypvi + h.c.)} .

—

Dirac Yang-Mills Klein-Gordon Higgs potential Yukawa coupling
(Fermion ke&i)  (Gauge boson ke&i)  (Higgs boson ke&i)  (Symmetry breaking)  (Fermion masses)

Here “ke&i” stands for kinetic energy and interactions (with gauge bosons). The standard model action
Ssm|G, ¥, ¢] = Ssmln, G, ¥, ¢] on a static, flat spacetime g = 7 is typically discussed in a course on
quantum field theory with focus on high energy physics ( Section 10.2 of my script on QFT'[21]). In this
course on RELATIVITY, the existence of Ssy will leave its (classical) mark on the Einstein field equations
in form of the # energy-momentum tensor.

0.5. Relation to other theories

1| RELATIVITY is similar to other theories in that it is a theory of an entity that makes up reality.
However, it is also different in that this very entity makes an appearance in most other theories:

Classical mechanics <> Macroscopic dynamics of matter ~ on spacetime: X (¢)
Quantum mechanics <> Microscopic dynamics of matter ~ on spacetime: W (X, t)
Electrodynamics <> Macroscopic dynamics of EM fields on spacetime: E (X,7), B(X,t)

In the light of the extended ontology (where spacetime is an idependent entity described by RELA-
TIVITY), it can be useful to reframe the objective of various theories as follows:

Classical mechanics <> Macroscopic dynamics of matter  interacting with a (static) spacetime
Quantum mechanics <> Microscopic dynamics of matter  interacting with a (static) spacetime
Electrodynamics <> Macroscopic dynamics of EM fields interacting with a (static) spacetime

Note that this reading is manifest in the background-independent formulation of the Core Theory
S.g. G, ¥, ¢] where the metric g and the other fields are treated on the same footing.

— The properties of spacetime (as posited by RELATIVITY) must be reflected by these
theories!

This means that we might have to modify known theories to be consistent with RELATIVITY.
These modifications must adhere to the & correspondence priciple: The “old” (non-relativistic)
versions of the theories must be included in the “new” (relativistic) versions as limiting cases.

2 | Incorporating the tenets of SPECIAL RELATIVITY leads to ...
e Relativistic mechanics
* Relativistic quantum mechanics (Dirac equation, Klein-Gordon equation)

e Relativistic electrodynamics (= classical electrodynamics)
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Special
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Relativistic
Quantum
Mechanics

Electro-
dynamics
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dynamics

Quantum
Mechanics

Luckily, classical electrodynamics is already consistent with SPECIAL RELATIVITY and needs no
modification. By constrast, both classical mechanics and the quantum mechanics you learned in
your previous courses must be modified to reflect the symmetries of spacetime posited by SPECIAL
RELATIVITY.

3 | Incorporating the tenets of GENERAL RELATIVITY leads to ...
« (Relativistic) Mechanics on curved spacetimes
+ (Relativistic) Quantum mechanics oz curved spacetimes

+ (Relativistic) Electrodynamics on curved spacetimes

Relativistic
Mechanics

Mechanics
@ Curved ST

General
Relativity

General
Relativity

Quanfum Electro-
Mechanics dynamics
@ Curved ST @ Curved ST

Relativistic Electro-

Quantum dynamics
Mechanics

In this course, we will discuss the modifications needed for mechanics and electrodynamics to fit
the framework of GENERAL RELATIVITY. We won’t discuss quantum mechanics on curved
spacetimes.

¢ ;! Quantum mechanics (describing matter and gauge bosons) on a curved spacetime is 7ot
“qQuantum gravity.” Quantum gravity is a theory where the metric field g szself is quantized
(which we do not know how to do).

o Famously, STEPHEN HAWKING predicted ™ Hawking radiation, a (so far hypothetical)
process that makes black holes emit photons and “evaporate” over time. Hawking derived
this prediction by studying conventional quantum mechanics (more precisely: quantum field
theory) on the classical, curved spacetime of a black hole [22].

NICOLAI LANG « INSTITUTE FOR THEORETICAL PHYSICS Il « UNIVERSITY OF STUTTGART PAGE



Institute wr

iiagret'cal

SETTING THE STAGE hyslcs
0.6. Spoiler
The gist of RELATIVITY can be summarized as follows:
Spacetime <> Four dimensional Lorentzian manifold (M, g)
Gravitational potential <> Metric tensor field g
This is what is meant by the popular statement that gravity “is not a force” but a geometrical deformation
(“curvature”) of spacetime.
and
SPECIAL RELATIVITY : g has signature (1, 3) (Lorentz symmetry)
GENERAL RELATIVITY : g is a dynamical field (Background independence)
You most likely do not understand these statements at this point. That’s fine! To provide you with the
background knowledge to do so is the purpose of this course.
So let’s start ...
0.7. £ RELATIVITY: From the bottom up
It seems to be convention that RELATIVITY is taught along Aistorical lines, following the struggles (and
eventual success) of ALBERT EINSTEIN and other influential physicists of the 20th century. The story
goes roughly like this:
Experience & Intuition & School — Newtonian mechanics
l Not valid for velocities v ~ c. Fix it!
SPECIAL RELATIVITY
l Not valid in the vicinity of large masses. Fix it!
GENERAL RELATIVITY
The advantage of this approach is that students experience and learn the (often messy) “bootstrap process”
of physics, i.e., the skill to revise a henceforth successful theory (e.g. Newtonian mechanics) to explain
new and inconsistent data (e.g. the absence of the luminiferous aether). In my opinion, this is the only
valid argument for this “historical bootstrap” of RELATIVITY. Apart from this, the approach is arduous,
clunky and, worst of all, cements an anthropocentric view of reality:

» Physical theories always require certain assumptions about reality. The “historical bootstrap” uses
several along the way (constancy of the speed of light, existence of a metric tensor field, ...). This
is already potentially problematic in that it makes it hard to keep track of all the assumptions that
are relevant for any given statement. It would be much more satisfying to posit all required facts
once at the beginning, and then derive everything else from these initial assumptions.

« Since the approach starts from special cases (small velocities, flat spacetimes) and works its way
down to more fundamental levels, one is predestined to misinterpret properties of special cases as
fundamental (like the flatness of Minkowski space which makes it unnaturally symmetric and gives
rise to the Lorentz group as symmetry group of relativistic theories).
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« Retracing history is a bad premise for teaching science in general, for history is notoriously messy and
convoluted. This is particularly true for RELATIVITY where misconceptions are legion. A typical
example is the principle of general covariance (“the laws of physics must take the same form in all
coordinate systems”) which is often introduced as a generalization of the principle of special relativity
(“the laws of physics must take the same form in all inertial systems”). This is simply incorrect
(> much later) as the first is physically vacuous while the second makes a physical statement about
states of motion (and thereby about the symmetry group of the underlying spacetime). Even Einstein
was confused about the role that general covariance played in his GENERAL RELATIVITY. In this
case, following his and his contemporaries arguments is not only clunky, it is simply misleading.

« While the “historical bootstrap” highlights how physics works (by revising theories to accommodate
otherwise inconsistent evidence), it is easily misunderstood as an inductive, cumulative process. For
example, the approach might give the impression that SPECIAL RELATIVITY is an “extrapolation”
or “extension” of Newtonian mechanics to large velocities. Likewise, GENERAL RELATIVITY
might appear as an “extrapolation” of SPECIAL RELATIVITY to accommodate gravity. But
this is not how empirical knowledge is established [17]: SPECIAL RELATIVITY fixes issues
with Newtonian mechanics at high velocities by positing the locality of causality. The latter then
explains otherwise problematic observations (constancy of the speed of light, Lorentz contraction,
...). Similarly, GENERAL RELATIVITY fixes the inconsistency of SPECIAL RELATIVITY with
inhomogeneous gravitational fields by positing the background independence of spacetime. This
novel insight about reality then explains observations like the “anomalous” precession of Mercury
and the equivalence of gravitational and inertial mass. Paradigm shifts in physics always require a
“leap of faith,” a hypothetical assumption about the structure of reality. The “historical bootstrap”
downplays the explanatory power of RELATIVITY- which is the actual root of its credibility (at
least if you are a - scientific realist).

« Last but not least: It is understandable, both historically and pedagogically, that physics is usually
developed and explained from the obvious (e.g. Newtonian mechanics) to the arcane (e.g. GEN-
ERAL RELATIVITY). The “historical bootstrap” adheres to this rationale. Unfortunately, humans
tend to accept the first knowledge they obtain with much less scrutiny than everything that follows.
Even worse, what follows is gauged against prior knowledge and deemed less trustworthy, less
Sfundamental. This is why in SPECIAL RELATIVITY we spend much time and effort deconstructing
the “obvious” Galilean symmetry of “everyday spacetime” to replace it by the Lorentz group. That
a Galiliean world is fundamentally non-local (as it rests on an absolute notion of simultaneity), and
thereby is (at least conceptually) at odds with our clearly local reality, is not viewed as problematic.
This is an anchoring effect: “Facts” about reality on our scale are tacitly accepted as fundamental
and true, even when they introduce conceptual inconsistencies along the way. This phenomenon is
part of a bigger picture: The endeavour of physics as a whole is, at least in part, nothing by the
“purge” of unfounded, anthropocentric assumptions from our theories of reality. The closer we
look, the more we understand, the less reality is what it seems to be.

For these reasons, I believe that the mess of history should be buried once and for all. I am convinced that
RELATIVITY is better taught and developed clearly “from the bottom up:”

Experience & Intuition & School ~<«— Newtonian mechanics

Limat for small velocities
— Newtonian spacetime

SPECIAL RELATIVITY

T Limit for small masses & Inflation
— Minkowski space (= flat space)

Well-founded /ypothesis about reality
(E.g. * causal set theory...) —> GENERAL RELATIVITY

The benefits of this approach are striking:

« The only place where one has to make hypothetical assumptions about reality is right at the beginning
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(e.g. by positing the existence of a causal set of events that can be embedded in a four-dimensional
topological manifold). After this initial “leap of faith,” everything else follows naturally from within
the theory itself) with only little empirical input needed to resolve ambiguities.

 Observe that - in contrast to the “historical bootstrap” (which can be misunderstood as an inductive
process) - here the deductive and explanatory aspect of physical theories is front and center:
GENERAL RELATIVITY is explained e.g. by causal sets, SPECIAL RELATIVITY is explained by
flat solutions of GENERAL RELATIVITY, and Newtonian mechanic is explained as the low-velocity
limit of SPECIAL RELATIVITY.

+ No arduous derivation of Lorentz transformations! They follow naturally as the isometries of
Minkowski space. Furthermore, the two characteristic features of Minkowski space (flatness and
Lorentz signature) are not mixed up, as their respective origin can be clearly traced back: the
flatness is an approximate feature for small masses, whereas the Lorentz signature goes back all the
way to the local causal structure of reality.

« Many misconceptions in the context of RELATIVITY are completely avoided. For example, the
(empirically vacuous) role of general covariance remains obvious at every step, for the role of
coordinates as arbitrary labels (of events) is evident from their introduction, when taking the
continuum limit from causal sets to pseudo-Riemannian manifolds (“spacetimes”) right at the
beginning. Later, one encounters SPECIAL RELATIVITY first in its generally covariant formulation.
Only then one realizes that the flatness of the (now fixed) background metric allows for special
coordinates (in which many expressions simplify). This is how one discovers inertial coordinate
systems; no need to introduce and construct them with elaborate contraptions of rods and clocks!

I came to these conclusions as a result of the compilation of these lecture notes (the first time I gave a
course on RELATIVITY). Hence my predicament: These notes follow the “historical bootstrap” approach
because this is “how it is done” (and how I learned about RELATIVITY). However, as explained above, I
am convinced that it would be conceptually simpler and more insightful to /nvert these notes, teach them
from back to front. Predagogically, this is of course easier said than done and requires careful planning.

But this is a project for the future ...
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1. Conceptual Foundations

1.1.

¢ Concepts

Events, Observations, Coincidences, Observers, Reference frames, Einstein synchronization, Cartesian
coordinates, Inertial frames, Inertial coordinate systems, Coordinate transformations, Laws of nature,
Physical models and theories

Newtonian mechanics, Form-invariance and covariance, Invariance group, Active and passive transfor-
mations, Galilei transformations, Galilei group, Galilean principle of relativity

Maxwell equations, Aether, Michelson-Morley experiment, Principle of special relativity
Isotropy, Homogeneity, Affine transformations

Special Lorentz transformations, Lorentz boosts, Lorentz group, Lorentz factor, Limiting velocity,
Lorentz covariance, Addition of collinear velocities, Finite speed of causality

Spacetime interval, Invariant interval, Time-like, Space-like, Light-like, Light cone, Invariant hyperbo-
lae, Causality, Time-like trajectories, Partial order of events, Causal automorphism

Relativity principles, Symmetries of spacetime, Simplicity of nature, Compressibility, Anthropic princi-
ple

Events, frames, laws, and models

Ev

ents:

A. Einstein writes in his 1905 paper “Zur Elektrodynamik bewegter Korper” [10]:

Wir haben zu beriicksichtigen, dafS alle unserer Urteile, in welchen die Zeit eine Rolle
spielt, immer Urteile iiber gleichzeitige Ereignisse sind. Wenn ich 3. B. sage: “Jener Zug
komms hier um 7 Uhr an,” so heifSt dies etwa: “Das Zeigen des kleinen Zeigers meiner
Uhr auf 7 und das Ankommen des Zuges sind gleichzeitige Ereignisse.”

And in his 1916 review “Die Grundlage der allgemeinen Relativititstheorie” [23]:

Alle unsere zeitraumlichen Konstatierungen laufen stets auf die Bestimmung zeitrium-
licher Koinzidenzen hinaus. Bestinde beispielsweise das Geschehen nur in der Bewegung
materieller Punkte, so wdre letzten Endes nichts beobachtbar als die Begegnungen zweiser
oder mehrerer dieser Punkte. Auch die Ergebnisse unserer Messungen sind nichts anderes
als die Konstatierung derartiger Begegnungen materieller Punkte unserer MajSstibe mit
anderen materiellen Punkten bzw. Koinzidenzen zwischen Uhrzeigern, Zifferblattpuni-
ten und ins Auge gefafSten, am gleichen Orte und zur gleichen Zeit stattfindenden
Punktereignissen.

We condense this into the following postulate:

§ Postulate 1: Invariance of coincidence [ic

« Observations are coincidences of events local in space and time.
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