THEORETISCHE PHYSIK II: QUANTENMECHANIK Problem Set 6

Prof. Dr. Hans-Peter Biichler November 23, 2021
Institute for Theoretical Physics Ill, University of Stuttgart WS 2021/22
Problem 6.1: Isotropic 2D Harmonic Oscillator [Written] (4 pts.)

Learning objective

The harmonic oscillator problem is a corner stone in physics. In the lecture you solved the one-dimensional
harmonic oscillator using creation and annihilation operators. In this exercise we generalize this proce-
dure to two dimensions and you will see that the system decouples into two one-dimensional oscillators.

The Hamiltonian for an isotropic harmonic oscillator (w, = w, = w) in two dimensions is given by

H:p_Qijw2 )

_ [ Pa _ ([
o 5 re, where p= (py) , T = (y) ) (1)

The components of p and r fulfill the canonical commutation relations,

[Ta,pg] = ih(soéﬁv [Ta,Tg] = [powpﬁ] =0. (2)

a) We introduce the operators

mw n 7 ; mw 1 3)
Ao = — | Ta — Pa | > A, = — | Ta— —Pa |,
2h mwp 2h mwp

with @ € {z,y}. Which commutation relations do the new operators satisfy? Express the

Hamiltonian in terms of o’ and a?(j).

Result:

1 1
H = hw (a;az + 5) + hw <agay + 5) (4)

b) Consider the operators N, = aiyaa. Since N ch = N,, we can introduce the orthonormal sates
|z, ny) as the eigenstates of N,

Nm |nx7 ny> =Ny ‘naca ny> (5)

Ny ‘nw, ny> = TNy ‘nm>ny> ) (6)

where the eigenvalues n, € R are not determined yet. Determine the eigenvalues n, and
constuct the states |n,, n,). Start by showing

[Na, ag] = —aa0a,s, [Na,ag] = ag(ga’g. (7)

Then show that af, |n,, n,) and a, |n,, n,) are still eigenstates to the operators N, and N, and
normalize them. To obtain the eigenvalues n,, remember that the norm of a state has to be
positive. Finally, construct the states |n,, n,) from the state |0, 0).
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c) Calculate the wave function 1) o(7) of the state |0, 0) by evaluating
a,10,0) =0 and a,0,0) =0 (8)

in position space and show that it separates, 10,o(7) = ¢o(x)Po(y), where ¢y is the ground state
wave function of the one-dimensional harmonic oscillator.

d) Show that the operators N, commute with the Hamiltonian H and that |n,,n,) are also eigen-
states to [{. Express the eigenenergies in terms of n,. Are the energies degenerate? Does the
measurement of the observable N = NN, + N, specify the state of the system?

Problem 6.2: Coherent states [Oral] (5pts.)

Learning objective

The eigenstates of the one-dimensional harmonic oscillator |n) are not eigenstates of the ladder operators
a'). The coherent state which is an eigenstate of the annihilation operator a is a useful object for example
in quantum optics. In this exercise we investigate the properties of coherent states and see that the
expectation values () and (p) show classical behavior.

For every a € C, we define the coherent state
(1) = elol*/2 In), )
>

where |n) is an eigenstate of the one-dimensional harmonic oscillator Hamiltonian.

a) Verify that the coherent state |1, is an eigenstate of the annihilation operator a and « is the
eigenvalue. Show that the creation operator a' has no eigenstates.

b) Show that

[ta) = €277 |0) . (10)

Hint: e~ %% |0) = |0).
¢) Calculate (z), = (Vo |2|Y0a), (), A%qa, Ap, and show that, for all o € C,

h
Ar,Ap, = > (11)
which means coherent states minimize the Heisenberg uncertainty relation.
d) Show that coherent states are not orthogonal but fulfill the relation
<wa’¢6> 67% |a‘2+|ﬁ‘272a*5)' (12)

e) Derive the time evolution of the coherent state |1/,(t)) and of the expectation values (z), and
(p), under the Hamiltonian H = hw (aTa + %)
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Problem 6.3: Angular momentum [Oral] (3pts.)

Learning objective

In this exercise, we focus on the angular momentum operator. With its help we can describe rotations
and introduce the concepts of scalar and vector operators.

Consider the angular momentum operator L = r X p. In the lecture it was shown that L is the
infinitesimal generator of rotations such that rotations around some axis n with n? = 1 about
some angle w can be written as U,, = exp (—iwL - n/h). Under such rotations a scalar operator S
transforms like

Ul Su, =385, (13)
and a vector operator X transforms like
Ul XU,=R,X, (14)

where R, is the usual rotation matrix in three dimensions around some axis w = wn.
a) Show that for a scalar operator S, [L, S| = 0.
Note: The notation [L, S| = 0 is short for [L;, S| = 0, Vi.

b) Using that r and p are vector operators, show that L is also a vector operator.
Hints:

+ Consider the components of Uj, r X p U, and show that UI, rxpU, = UI, rU, X UJ, pU,.
« Use the property R,a X R,,b = R,(a x b) of the vector product.

c¢) Show that [L,p - r] = 0 once by explicitely calculating the commutator and in addition by
showing that p - r is a scalar operator.
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