QUANTUM FIELD THEORY Problem Set 7

Prof. Dr. Hans-Peter Biichler May 19t 2026
Institute for Theoretical Physics Ill, University of Stuttgart SS 2026
Problem 7.1: Cross section of two scattering particles [Oral | 2 pt(s)]

Learning objective

In this problem, we will study the cross section of two scattering particles within the ¢*-theory. It serves
as an example of the use of Feynman diagrams to calculate scattering cross sections.

From the lecture, you know the relation between S-matrix elements and cross sections which is
given by
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where we chose the reference frame such that the particles collide along the z-axis.

Specialize now to the case of two particles, with the same mass m, interacting with the Hamiltonian

A
H; = ] /d3x o7 (). ()

a) Transform into the center-of-mass frame and integrate over the final momenta. Show that in
lowest order the differential cross section is given by

do A2
0 = o 3)
d1 )y 64m2EZ]

where E., is the total initial energy.

Hint: In the special case of two incoming and two outgoing particles, the invariant matrix element M is

defined by

(p1p2| iT |pinply) = (2m)*6W (pin + plyy — p1 — p2) iM (Pin, Pl — D1, D2) (4)
and
T
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amputated
with the asymptotic incoming and outgoing states |pinpi,), and [p1p2), respectively.
b) Calculate the total cross section of the scattering process.
Problem 7.2: Important relations for gamma matrices [Written | 4 pt(s)]
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QUANTUM FIELD THEORY Problem Set 7

Learning objective

The evaluation of scattering amplitudes in quantum electrodynamics becomes much easier with an
appropriate compendium of relations for gamma matrices. Here you derive the most important ones
from their algebraic properties.

Consider a set of four matrices y* satistfying the Dirac algebra

{777} = 29" (6)
In addition, we introduce a fifth matrix

7 =iy (7)

If not stated otherwise, all results below should be derived algebraically, i.e., without reference to a
specific representation of the Dirac algebra.

a) As warm-up, show that

(¥)=1,  {¥r}=o0. (8)
b) Show that the Weyl (chiral) representation satisfies the additional Hermiticity condition

(7“)T = A 0yHA0 and that this implies (75)T =5, 9)

Is this true for arbitrary representations?

c) Prove the following trace identities:

trfy#] = 0 (102)

tr[y"”] = 4g" (10b)

tr[y"y""°] = 49" 9" — 9"’ 9" + 9" 9"") (10c)

tr[7°] =0 (10d)

tr[’y vy ] =0 (10e)

tr['y VAP ] = —44ehvPo (10f)

trly*y" 7. ] =t TPy (10g)
Hint: Only for the last relation (10g) the Hermiticity condition (’y“)T = 99140 is required.

d) Finally, prove the following contraction identities:

’7“’7% =4 (113)

VY = =27 (11b)

VYA = 4g™" (11c)

VYAV A = =299 (11d)
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