QUANTUM FIELD THEORY Problem Set 8

Prof. Dr. Mathias Scheurer June 5%, 2024
Institute for Theoretical Physics Ill, University of Stuttgart SS 2024
Problem 8.1: Electromagnetic response of superconductors [ Written | 8 pt(s)]

Learning objective

In this exercise you will microscopically derive the effective action of the phase mode of a superconductor
in presence of electromagnetic fields.

We consider a coupling to the vector potential A and scalar potential ¢ as
- 1
/ddr/dnba (& + ie¢ + 2—(—1'V —eA)? — ,u> Vg (1)
m

This coupling is known as minimal-coupling of an electromagnetic field. The full action can then be
written as

S = /drddr <1EU <GT + i+ %(—iv —A)?— u) e — Viﬁﬂh%%) (2)

The fields under gauge transformations behave as ¢ — e, T — e=YT, ¢ — ¢ — 710,60 and
A— A+e V0.

a) Perform a Hubbard-Stratonovich transformation in the Cooper channel and show that

S = /ddr/dT [% (& + ied + %(—iv —cA)® — M) Vo + (%\Nz + (AP + &WM))] :

3)
How does A and A transform under gauge transformations? Is it an observable?
b) Now, we fix Ag = |A|, and integrate out the fermions 1), to obtain our effective action as,
Seum [0, A, 0] := —trln (G [A = Age®™ A = Age ")), (4)
where
G ( 0 +idt o (—iV — AP~ B ) "
Age=% Or — i — 5= (—iV + A2+ p

is the Gor’kov’s Greens’s function (we also set e = 1). Since Sg)/ is invariant under gauge
transformations, first gauge away the phase dependence of the order parameter field, by using
the unitary transformation U = diag (e, ¢"”) and then using § = 0, ¢' = ¢+ 9,0, A+ e V0
show that

1 } / 1
G =UGUY = 700, + 73—V — 1) + Tl +imsd + 5—1{V, A’} + 73— A", (6)
2m N 2m P 2m
gA‘Ofl -)el )22

where 7;s are the Pauli matrices in Nambu space.
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c) Now expand the tr In and express the effective action as
1
SEM ~ const. — tr (go.)(l) —tr (g()XQ) + §tr (g0X1g0X1> . (7)

Now given that the first order term tr(Go X)) o in [ drd®r¢(t, ), is zero, show that the second
order term ox A’ is given as

—tr (Goy) = / dr / dir A?(1,7) (8)

where n is the density of electrons.

d) Finally, show that

1
S (GoiGody) = C1 Y ¢l +Ca ) AL A )
q q
where
Clzzw,%—Ef,%—ZA% —Z —w? +E2). W)
(w2 Ef,)2 ’ dm w2 + E2)
Problem 8.2: Coefficients of the effective Lagrangian [Oral | 5 pt(s)]

Learning objective

We will analyze the obtained effective action, namely the coefficients entering the Lagrangian and their
temperature dependence.

In the previous task, we have obtained the effective action describing coupling between the phase of
the superconducting order parameter and the electromagnetic field,

SEM—/dT/dd c1 (0,0 + ¢)> + (—+cg) (V@—A)Q], (11)
where
— E2 4273 T 1 p? (—w?+ E2)
1 Ld Z E2 ) 2 = ﬁ de 9 E2 2p . (12)
2+ E2) b (Wi + E3)

Here we will focus on calculating the coefficients Cy, Cs.

a) In the expressions for Cy, C, take the summation over fermionic Matsubara frequencies.

b) Consider two limits, Ag/T > 1 and Ag/T < 1 (A # 0), to perform explicit summation over
momentum. Try to come up with the physical meaning of the obtained coefficients and their
temperature dependence.

Hint: you may find it useful to assume that T/ < 1 and chemical potential lies far away from
the band edges, so that &, = p*/(2m) — pu =~ vp(p — pr).
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