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Problem 7.1: Magnetic moment of a rotating spherical shell [Written | 3 pt(s)]

Learning objective

Within this exercise we will analyse the properties of the rotating charged spherical shell. We will
calculate the magnetic field created by the spherical shell, and calculate the interaction energy between
two identical spherical shells. We will see that the force exerted on the second sphere by the magnetic

field of the first sphere depends on their angular velocities.

A spherical shell of radius R and charge () (homogeneously distributed on the surface) is rotating
around its z-axis with angular velocity w = we,.

a)

b)

c)

Calculate the current density j(r) = v(7)p(r) and calculate the magnetic moment m =
5 [ @®r(r x j(r)) of the spherical shell.

Show explicitly that the magnetic field created by the rotating charged spherical shell at point
r > R, can be expressed as:

B~ 1 (3(r~m)'r m> QR (S(T-w)'r w ) | "
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Now let 75 be a vector such that 7, | w and |ry| > R. Assume that we have an identical sphere
at 7, rotating at angular velocity ws parallel to w. Calculate the interaction energy between the
magnetic moment m; of the first spherical shell and the magnetic moment m of the second
spherical shell. Calculate the force exerted by the magnetic field on the spherical shell at 7,.

Hint: Due to the large distance between the spheres you can approximate them as two point-like
objects carrying some magnetic moment.

Problem 7.2: Hall Effect [Oral | 4 pt(s)]

Learning objective

The Hall effect describes the physics of moving charged particles in materials when exposed to an external
magnetic field. In the first part of the problem, we will calculate the Hall voltage and derive the Drude
model for transport in materials. In the last part, we will calculate the conductance tensor as well as the
Hall coefficient and learn about the importance of the Hall coefficients.
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Consider an infinitely long conductor in z-direction with finite extent a in y- and z-direction. An

electric field Ey = E,e, in x-direction is applied to the conductor, leading to a current density j,.

An additional magnetic field B = B, e, in z-direction will deflect charge carriers (electrons with
charge —e) through the Lorentz force. This leads to an accumulation of charges on the sides of the
material, resulting in an electric field Ey = E, e, along the y-direction. This phenomenon is called
Hall effect.

a)

b) The Drude model for transport in metals assumes the following equation of motion for the
charge carriers:
d 1
—pz—e(E—i——pr)—E. @)
dt m T
Here, p is the momentum of the electrons, m is the electron mass and 7 is the relaxation time
(scattering time). Motivate/derive this equation.
Hint: The Drude model assumes that electrons undergo a scattering event with probability d¢/7
within an infinitesimal short time span dt.

¢) Determine the conductance tensor oy, which is defined via: (Einstein convention)

Jk = ok, k1€ {z,y} 3)
as well as the resistance tensor p = o~ ! within the Drude model.
Hint: Consider the stationary case (p = 0). Adopt the notation oy = ne?r/m for the Drude DC
conductance and w. = eB/m for the cyclotron frequency.

d) Calculate the Hall coefficient Ry = E,,/(j, B.) for the stationary case within the Drude model.
What is the sign of Ry? Is it possible to use the Hall effect to determine the charge of (unknown)
particles/carriers of the electric current?

Problem 7.3: Gauge invariance of the classical equations of motion [Oral | 1 pt(s)]

Consider the stationary case (j, = v, = 0) and calculate the Hall field Ey as well as the potential
difference Uy between both sides in terms of the current density j,. In which direction does Ey
point?

Hint: : The current density is given by 3 = —enw, where n is the electron density and v their
velocity. In the stationary case, there is no net force on the carriers in y-direction.
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Learning objective

In this problem, we show the gauge invariance of the equations of motion for a charged particle. From
the Lagrangian we will derive the Hamiltonian by computing the canonical momentum.

The Lagrange function for a (non-relativistic) charged particle in an electromagnetic field is given by
1

L(r,rt) = 5m1’°2 —qo(r,t)+qr - A(r,t). 4)

Derive the equations of motion and show that they are gauge invariant (eichinvariant). Calculate

the canonical momentum p = JL/0r. Is it gauge invariant? What is the relation between the
mechanical and the canonical momentum? Show that the Hamiltonian is given by

Hr.p.1) = 5 (p— g A(r, 1)) +a0(r.1). )
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