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Problem 12.1: Fraunhofer diffraction from a circular aperture [Oral | 3 pt(s)]

Learning objective

In this exercise, we will make use of the special properties of the Bessel functions to calculate the
diffracted intensity of a circular aperture in the Fraunhofer limit.

a) We consider a diffraction experiment: a monochromatic plane wave illuminates an opaque 17
screen with a hole (the aperture) cut into it, and we observe the resulting intensity pattern far
behind the screen. An aperture is described by its characteristic function C'(&, 1)), defined on the
Cartesian coordinates (£, ) of the aperture plane: it equals 1 where light passes and 0 where
it is blocked. In the Fraunhofer (far-field) limit, the diffracted scalar amplitude u(p, ¢) in the
observation plane is simply the 2D Fourier transform of this function,

I .
u(p,q) = \é—f / C(&,m)e *wetan) 4 dp, (1)

with wave number k£ = 27” A direction of propagation is specified by its directional cosines

(cv, B), the cosines of the angles the ray makes with the £- and 7)-axes; these are the projections
of the corresponding unit wave vector onto the aperture plane. The pair (v, 59) belongs to the
incident beam, so p = a — ap and ¢ = 8 — [y measure the angular deviation of the observation
direction from the incident one. Sy is the aperture area (a normalization) and I, = |u(0, 0)|? is
the on-axis intensity at p = ¢ = 0.

Optional: for more background on scalar diffraction theory and the Fraunhofer limit, see Jackson,
Classical Electrodynamics (3rd ed.), Chapter 10 (Scattering and Diffraction).

Consider a circular aperture of radius a whose characteristic function is

c(f,m:{l for & 4 1* < a @

0 otherwise

and compute the diffracted intensity I(p, q¢) = |u(p, ¢)|? in the Fraunhofer limit.

Hint: Go to cylindrical coordinates and use the integral representation of the Bessel function

1 2 )
T, (CIJ) _ / ol cos d)ezmﬁd(b’ (3)

2m" Jy

which holds for any n € Z. Furthermore use the following relation:

/:E 2 Jo(2") da’ = xJi (). (4)
0
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In the following subtasks, we will prove the relations in Eq. (4) and Eq. (3) to verify that our
calculations in part a) are correct.

b) The ordinary Bessel function J,,(z) is a solution to the second order differential equation

,d%y dy 2
@‘f‘l’a‘f’([ﬁ —n)y—O. (5)

Show that if .J,, () is a solution of the Bessel equation of order n + 1, then

—(n d n
J, =a +1)d$ [ +1Jn+1( )] (6)
is a solution of order n. Conclude that
/ ' Jo(2') d’ = xJp(x). (7)
0
¢) Forn € Z, we can write the Bessel function J,, () as an integral
1 2w ) )
Jn(l‘) — : / ewzcosqﬁeznqbdgb‘ (8)
2mi™ Jq

Show, that this indeed solves Eq. (5).

Problem 12.2: Fourier optics [Oral | 3 pt(s)]

Learning objective

In this exercise we are going to use the properties of Fourier transforms to obtain the Fraunhofer
diffraction pattern of more complicated structures in a systematic way.

a) Show that an aperture consisting of two circular holes of radius a with their centers located
at (n,&) = (—£,0) and (1, &) = (+%,0), respectively, can be written as a convolution of one

circular hole with two delta functions located at (1, &) = (—%,0) and (,£) = (+%,0). Write
down the Fraunhofer diffraction pattern of this aperture using the convolution theorem for
Fourier transforms. Hint: An arbitrarily shaped aperture A(r = (7, £)) can be replicated at positions
{ri} by a convolution operation with an array of delta functions Qs = >, 6(7' — 7;). Schematically:

Tiling of apertures A = (5 * A)( /25 ' —r)A(r —r')d*r = ZA r— 7). 9)

b) Let .A; and A, be two apertures such that the extension of A, in a particular direction, e.g. in
¢-direction, is 1 times that of A;. Show by a suitable change of integration variables from (£, 7)
to (¢,n') in the Fraunhofer integral that the diffracted amplitudes obey

uz(p, q) = pur(pp; q). (10)

Using this result, write down the Fraunhofer diffraction pattern of an aperture which has the
shape of an ellipse.
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11 1

c) Using the results of a) and b), write down the Fraunhofer diffraction pattern of the aperture
shown in the figure below, which consists of three elliptical holes placed at the vertices of an
equilateral triangle.

Problem 12.3: Structure factor [Written | 0 (+4 bonus) pt(s)]

Learning objective

We will investigate how light is scattered on a crystal and how its diffraction pattern can give insight on
the structure of the crystal.

We model a simple crystal by identical little dielectric spheres of the size of an atom (radius o 1A =
1071 m) placed in a regular fashion on the points of a lattice. An incident monochromatic plane
wave gets scattered on the crystal. We want to compute the differential scattering cross section
of the scattered radiation. Of paramount importance is the structure factor for the distribution of
scatterers. For a crystalline arrangement, a characteristic pattern of diffraction angles (points of
scattered light on a screen) is obtained. This is the Laue diffraction pattern, which allows to determine
the crystal structure.

*a) Compute the differential scattering cross section for a simple cubic (sc) crystal of edge length
Na where a is the distance between two atoms. Assume that the incident electric field induces
dipole moments p; and m; in the atom at lattice point ;. The plane wave is at normal incidence
to one of the surfaces of the crystal (zy-plane) and has the wave vector ky,.

Hint: Sum the far-field dipole fields over all sites, keeping the site dependence only in the
phase: |r — r;| =~ r — r; - ¥ in the exponent, ~ r elsewhere. Insert the sphere polarizability
p; = 4o R3 i:;; E;(r;) and average over incoming polarizations. The result splits into (single
sphere) x (structure factor).

*b) Compute the structure factor S(q) = | >, €'9®|% where I denotes the set of lattice points.
The scattering vector ¢ = ki, — |kin|7 depends on the position of the observer; 7 is a unit vector
pointing towards the observer. In which direction will the observer see maxima of diffracted
intensity? Use spherical coordinates (6, ¢).

*c) Take the limit N — oo for the structure factor S(q).

*d) Now compute the structure factor for a body centered cubic (bcc) crystal, which is a cubic crystal
where an additional atom is placed in the center of each cubic unit cell. Which scattering peaks
appear or disappear compared to the simple cubic lattice?
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Hint: The centered atom adds a copy of the lattice shifted by $(é, + é, + é.), giving an extra
phase ¢i(4:T9+4:)2/2 op the same sum. At a candidate peak both numerator and denominator
vanish (0/0), so apply L’Hépital and track the sign (—1)+7m+n,
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