ADVANCED QUANTUM THEORY Problem Set 3

Prof. Dr. Mathias Scheurer October 30™, 2025
Institute for Theoretical Physics Ill, University of Stuttgart WS 2025/26
Problem 3.1: Translation Operator [Oral | 10 pt(s)]

Learning objective

The main idea behind this exercise is to get comfortable with the translation operator. As we will see
in the next problem, this will be quite useful. Here, we take a complementary approach to how these
operators are presented in the lectures.

Let 7' be the translation operator. It may be defined by
T(a)|z) = |z +a) (1)

where |z) is an eigenstate of the position operator and a € R.

a) Show that T (a) has the following effect on the wave function:
T(a)¢(2) =¥ (x—a). 2

b) Show that the translation operator commutes with the momentum operator. In order to accom-
plish this you should introduce the Taylor expansion of ¢ (x — a) near .

¢) Show that 7" (a) is unitary, i.e., 7 (a)' T (a) = I. Next, consider the eigenvalue equations for the
translation operator,

A

T(a)P(z) =P () =P (z—a) (3)

where )\, and @, are the eigenvalue and the eigenfunction of the translation operator, respectively.
Find )\, and ®(z).
Hint: Use the Taylor expansion of 7" (a) to determine \,.

d) Proof the subsequent identity for the position operator z:

T (a) 2T (a)' =2 —al (4)

e) Calculate the commutator [&, T (a)].

Problem 3.2: Application of the translation operator [Oral | 6 pt(s)]
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ADVANCED QUANTUM THEORY Problem Set 3

Learning objective

In this exercise you will investigate an application of the use of translation operator in the context of
solid state physics, where regularly spaced atoms are under the influence of a potential giving rise to

band-gaps.

Atoms are arranged in one dimension, with spacing a. The ionic potential is modeled by ¢- functions
and strength V4 > 0, giving the one-particle Hamiltonian

a)

H—T—i-V(x)—%—FaVOZ(F(x—na). (5)

nez

Solve the equation above in the interval 0 < x < a. Because of the periodicity of the atomic
potential (and consequently of the Hamiltonian), [H, T'(a)] = 0, the operators 7'(a) and H share
a common eigenbasis. Use this property and the eigenequation of the translation operator,
U(x') = VU(x +na) = T(—na)¥(x) = €4"*WU(x), to show that candidate eigenfunctions of H
are of the form

V(2 (2)) = e (Aoe“”’ + Boe_””) , 0<z<a, (6)

where ¢ € R parametrizes the eigenvalues of the translation operator. What is the relation
between £ and E7?

Note: “candidate wave functions” in this context means that we can use this wave function at
an arbitrary ' = x + na, where n € Z, i.e. that we have a wave function for the whole system.
In this case we have constructed one with the help of the translation operator based on the
solutions that we have calculated for the interval 0 < = < a.

So far we have ignored the locations of the ¢ functions. Now we deal with these missing positions
by constraining the ansatz Eq. 6 appropriately: At position z = na, formulate (dis-) continuity
constraints on the (derivative) wave function. Use these requirements to build a set of equations
for Ay and By, and show the solution of these equations can be formulated as:

sin 8

p

where o = ma?V; /h* and B = \/2mEa? /i,

Because of the periodicity, ¢ — ¢+ 2mn/a, m € Z of the left-hand side of the obtained equation,
we can choose g € [—7/a, m/al]. For each ¢, there is a discrete set of solutions of the equation,
FE1(q) < Ex(q) < E3(q) < .. .. Plot several of the lowest solutions with respect to ¢.

cos ga = « + cos 3, (7)

Problem 3.3: Coherent states [Written | 8 (+2 bonus) pt(s)]
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Learning objective

The eigenstates of the harmonic oscillator Hamiltonian |n), are not eigenstates of the ladder operators.
The coherent state which is an eigenstate of the annihilation operator is a useful object for example in
quantum optics. In this exercise you investigate some properties of coherent states and realize their
convenience especially when describing the dynamic behavior of a quantum harmonic oscillator.

For every a € C, we define the coherent state
|1/) —Ia\ /2 |n (8)
>

being |n) an eigenstate of the 1-dimensional harmonic oscillator Hamiltonian.

a) Verify that the coherent state |1, ) is an eigenstate of the annihilation operator where « is the 27
eigenvalue, then show that the creation operator has no eigenstates.

b) Show that 201

[ta) = €' 7" |0) (9)

where a' and a are creation and annihilation operators, respectively.
(Tip: e~ |0) = |0))

*c) Calculate (z), = (Vo 7| ¥a), (P),» AT, Ap, and show that, for all o € C, +2010)
Ax Apy, = % (10)

is valid, i.e., coherent states minimize the position and momentum uncertanty relation. (Tip:
a ‘wo) = >)

d) Show that coherent states are not orthogonal and the relation 2P16)

(%Wﬁ> 67% (la]2+]8|2—2a*B) (11)

e) Derive the time evolution of coherent state |1/,(t)) and of the expectation values (z), and (p), 2"®
under the Hamiltonian = hw (aTa + %)
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