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Problem 2.1: Angular momentum and rotations [Oral | 8 pt(s) ]

ID: ex_angular_momentum:aqt2425

Learning objective

Although we already investigated the angular momentum commutation relations in the first problem

list, here we will do this from a different perspective, i.e., by seeing angular momentum operators as the

generators of infinitesimal rotations.

Consider the angular momentum operator L = r × p. In the lecture it was shown that L is the

infinitesimal generator of rotations such that rotations around some axis n with n2 = 1 about some

angle ω can be written as Uω = exp (−iωL · n/h̄). If Uω is the operator performing a rotation around

some axis ω = ωn in the Hilbert space, i.e. |φω〉 = Uω |φ〉; a scalar operator S transforms like

U †
ω S Uω = S , (1)

and a vector operator X transforms like

U †
ω XUω = Rω X , (2)

where Rω is the usual rotation matrix in three dimensions around some axis ω.

a) Show that for a scalar operator S, [L, S] = 0. 2pt(s)

b) Show that for a vector operator X it is [Li, Xj] = ih̄εijkXk. 2pt(s)

Hint: Use the representation (Rω)ij = [1 − cos(ω)]ω̂iω̂j + cos(ω) δij − sin(ω) εijkω̂k for the

rotation matrix and linearize (2) for small ω.

c) Using that r and p are vector operators, show that L is also a vector operator. 2pt(s)

Hint: Consider the components of U †
ω r×pUω and show that U †

ω r×pUω = U †
ω rUω×U †

ω pUω .

d) Show that [L,p · r] = 0 on the one hand by explicitely calculating the commutator and on the 2pt(s)

other hand by showing that p · r is a scalar operator.

Problem 2.2: Pauli Matrices [Written | 4 pt(s) ]

ID: ex_pauli_matrices:aqt2425

Learning objective

The Pauli matrices are very important for the description of two-level systems. In this exercise you will

derive some useful properties of the Pauli matrices.

The Pauli matrices are

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (3)
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a) Prove that the Pauli matrices fulfill the following commutation relation: 1pt(s)

[σi, σj] = 2iεijkσk. (4)

b) Show that 1pt(s)

σiσj = δij1+ iεijkσk. (5)

Use this relation to prove that

(r · σ)2 = |r|21, (6)

with σ = (σx, σy, σz)
T .

c) For spin 1/2 the spin operator S = (Sx, Sy, Sz)
T can be written in terms of Pauli matrices 1pt(s)

S = h̄/2σ. Show that the representation of the rotation takes the form

Uθn̂ = exp

(
− i

h̄
θ S · n̂

)
= 1 cos

θ

2
− iσ · n̂ sin

θ

2
, (7)

where n̂ is the rotation axis and θ the rotation angle.

Consider the state |↑〉 = (1, 0)T . What is the expectation value of the spin operator after rotation

by π/2 and π around the y axis?

d) Show that the spin operator S transforms like a vector under rotation. 1pt(s)

Hint: Refer to subtask b of problem 2.1.

Problem 2.3: Hydrogen Atom – Lowest States [Written | 4 pt(s) ]

ID: ex_hydrogen_atom_lowest_states:aqt2425

Learning objective

In this exercise, we will revisit the hydrogen atom problem and determine the size of the atoms where

electrons occupy the lower states.

Consider the wave functions of the Hydrogen atom ψn,`,m,

ψn,l,m(r, θ, ϕ) = Rn,l(r)Ylm(θ, ϕ), (8)

Rnl(r) = −Nnl(2κr)
le−κrL2l+1

n−l−1(2κr), (9)

Nnl =

(
1

a

)3/2
2

n2(n+ l)!

√
(n− l − 1)!

(n+ l)!
, (10)

where κ = 1/an, and a refers to the Bohr radius, and Lk
p are the Laguerre polynomials.

a) Write explicitly the 1s, 2s, and 2pz wave functions, which correspond to the set of quantum 2pt(s)

numbers {n, `,m} = {1, 0, 0}, {2, 0, 0}, and {2, 1, 0}, respectively.
b) Determine the expectation value of the radial components r, r2 and 1/r in the ground state (i.e. 2pt(s)

the 1s state) and the 2pz state. Deduce the size of the atom in each of these states.
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